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Figure 1.2 Plot of a training data set of N =
10 points, shown as blue circles,
each comprising an observation i
of the input variable x along with o
the corresponding target variable ¢
t. The green curve shows the O
function sin(27x) used to gener-
ate the data. Our goal is to pre-
dict the value of ¢ for some new
value of z, without knowledge of
the green curve.
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Let @ be the col oF minimizanbion o&F Eow)
* - )
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Figure 1.4 Plots of polynomials having various orders M, shown as red curves, fitted to the data set shown in

Figure 1.2.
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RMSE ( ret meon <quare ervor)

Remort
—  When

o

-

DECWH!)

E =

0 1

Figure 1.6 Plots of the solutions obtained by minimizing the sum-of-squares error function using the M = 9

polynomial for N = 15 data points (left plot) and N = 100 data points (right plot). We see that increasing the
size of the data set reduces the over-fitting problem.
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Figure 1.5

Table 1.1

Graphs of the root-mean-square
error, defined by (1.3), evaluated
on the training set and on an inde-
pendent test set for various values
of M.

Table of the coefficients w* for
polynomials of various order.
Observe how the typical mag-
nitude of the coefficients in-
creases dramatically as the or-
der of the polynomial increases.

[E—

—©— Training
—©— Test

0 0 3 M 6 9
o~

M=0 M=1 M=4§ M=9
wy 0.19 0.82 0.31 0.35
w7 -1.27 7.99 232.37
w3 -25.43 -5321.83
w3 17.37 48568.31
w -231639.30
w? 640042.26
w? -1061800.52
wk 1042400.18
w -557682.99
wy 125201.43
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o

M= A
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Figure 1.7 Plots of M = 9 polynomials fitted to the data set shown in Figure 1.2 using the regularized error
function (1.4) for two values of the regularization parameter A\ correspondingto InA = —18 and In A = 0. The
case of no regularizer, i.e., A\ = 0, corresponding to In A = —o0, is shown at the bottom right of Figure 1.4.
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Sum  rule ond  product rule %

two romom vortobles KX, Y ;_ *
X = 4 % X ’
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Considey AN bridls  in which we somple both X, Y
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Let C. .= X oF trolk in which X= Xz C regordles Y)

- _ Cx ==
PLX=Xz) = 2
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Sum rule
L
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W
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Pnﬁ«t’ rule

N N Cx
Px=Xz, Y=24) = & == %

= PCY=Y; | x=%) PL X=X3)

The vules  of  probabilidy X,
Sum rule PLxy = ZY PC X, Y)

prodet rule  pex,y) = PLY| XD PCx)

= PUX\IY) PO
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F(JQ:\() . the Fmbosbil'd:y oy X ond Y

PCY X))t  the probobiliby dfF Y qlven X

By

Sy mmebry  property PO N) = POYLX)
px1Y) PCO /_ PCX, YY) )

PCYIX) =

pPwo
PCX) /

Boyes’s  theorem

PCx) = % PCX 1Y) poy)
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GXM yle

o

Figure 1.9 We use a simple example of two
coloured boxes each containing fruit
(apples shown in green and or-
anges shown in orange) to intro-
duce the basic ideas of probability.
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0r 6o 7, r
'f’/l o
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$upeose P‘(ch o~ |oox V‘OJ\QOMly ond t turns out +o be

the blue box.  Probobility of (F= ”‘Ffle— ) 9iwen (B= blue)

3
PCE= opple | B = blue) = m

Vs
PCE=a [B=F) =
PCLF=0o [ B=T) =

PCF=eo| B=b)

|

€]l— «€lw v <€

PCF=92 | B =b)
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PCE=a) = pPCF=a| B=F) PCB=r) t+ PCLF=&| B=b) PLE=h)
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i \{;'Z opple
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Interpretotion o Bayes s  theorem

PCB) prior  Probobility Coacg box & 4 2kt 2Al)
( prowbility owsilable before we observe the identity of the
Sruib )

PCBIl ¥) FOS'beriOh Pmbabili"by
C2r) Bkl ® aFd box )
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rondom vartebles A od Y wne  inkpendest
¢ 4
pLx,Y) = PCLR)PLY)

PCY(x) = PLY) ond PLXIY) = POX)

p(Y)

UL
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P s clled the Probabiliiy Aqﬁsi*bf over X

/ pcxe Cab)) = S: poL X
pPCLL) 20
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Y
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Multi variobe  continueus  voriobles Ly,. X densted by X%

Joint  probebility density PUH = pex,, Xy, ... Ap) st

PC muti. voriable Folling  in an  lnfinitesimal

volume  §%  contoining. %) I@

~ P S %«

pex) @ real valued

Mul € varate pm\oasbili'l;f density S urtion
[ PexeE) = [ pory meosurohle seb E & R
PC#) 20 X /
\ /
- /
S\ 4 Pu) dx = | 67/\
XS
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We cn also

combt notion

&F

consider  Jourt

discrete

Tn the diswete case
Prbbabi“'b)‘ moss  Sunction

px) is  colled

ond

Fr’obmbi “"[:7 dictrn butions

continuous
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J].2.2  expecbations om covariances

Vooble X

Ex pectmtion
Tn discrete

EC5]1:= g pPx) Fex)

Tn continuous

under o probubility  ishribubion
™RGS

( d'en?'(ty
of FwW)

Case

ose

BECs]:= S pex) FCx) 4
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Rondom  variable
Ex Pe,c“l:aut'cen o
Jdiscrete

continyous

.
X (s Jeno ted E}/
ECx]:= 2 PO X
= § pov x dx
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eEC5] Con be %meimac&ex] os & Sinite sum (N So.wrleS')

S——————

N
ELs] = A—I/' 3 5U%,) ( Monte Corlo I-n‘beg,rod:ion)
n=¢

Averoge of the Sunction  SxXy) wnt  disbrbution & x
E,CStxy)] = § Suxry) poo dx
(_Function of Y)
( or %.' Swy) pew >
Conditionx| 2ex Fe,c'(:ocbzon

E,.CLF 1Y) = ( & pxiy) dx = z P 1Y) Fex)

(Function of Y)
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V aronce, oy Fx) exp. of +

4
vor ($]:= E[ (5w - EC(5w0]) ]
- = E0 &0%1 - ECf0]”

As ETX]., VarCxX):= ECCx-gCx1)Y] (Fwv==x)

Two  vorebleg X o Y covoriante s  RFined by

v lx,y) = By [ 2~ECxI} {y-gCy3}] R
"low SL
ReY) e/

If X omd Yy oare indpendent, <covCA,y]) =0

S Xy Jx § xy pov Py Ix dy )
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Two Vechors oy random var obles *  owd ¥ € lRD.

let  §%) be o mulbivoriable Sunction (wn be veckr Sunction )

ECS] := I PoX) §&® = ) §&® pumdx
St = %

oy,

T $%) s o webr Sunchion, ETF) s a vechor -

Covimimnce mobree s defined b}/

4%
cov C#Y):= B, L{%-ECxI} {¥YT- ECYT3} ]
Y Dx|
PXD
o) = B, LxYT] - L2 ECYT)
Vor Ch] = cov C¥-%]

}o.J COMPOf\Q/\'b

— 'I; i YJ 2| vVarince
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[.2.3

Baye S({O\w)

probabi lity

C
CY1x) = PCX1Y) PLY) © PCx.Y)
P B PLX)
I\ Wl
PCY IX) oC #PCxIYy) PCY)
_ :
1\ keli hood prior
- AAHE Y
b5 2 B
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Clossical  Srequentist Vs Bauy eslion

—  Srequencies of rondom qu ontFicotion oF un ce,r'lnin"by
(repectable events) 4%
cAlel € 4ok X9 «H Clol€1 45k d 2 FS 5,2
over - Ftting
2wMY wye Aoz clasie

GENn AL e3P e B3 ve AredR WR S @ Y ALXRZ

gedme Wy

SUE AP Cdobod T BRI LA WA AZE RBEUE LA
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Poly nomial Fitting curve

Aim to predict W = Lwo, Wy, ... Wu)
VOX, Wiz We + WX £ -~ Wg X (M-+h order)
Before observ'mg_ dJota.  assume w s in the  Sorm
The effet of D=4, Byl v expressed  through Prior
PCD L ur)

ﬁ

C w3l WG clole{ p 2k UL by )

& E o~ NCX\ Y CX, W), r‘}
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Uncertadnty in w  after we howe  observed D
PO?&HQY- l‘(\‘e—ﬁ hoo& PT‘.(OY'
PCw| D) = PCDIlw) PLw)
- — Pcp)

—_—

Since dobon seb D g given  PLDPIw) s a Sunction
of W called PCD | wr) kel hood Sunction Cirkq 3L4)

Remark

— PCLDlw) & not o prob, distrbution over W

— jPLPl\M) dw # | SPCX\YM\X _
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seen a5 o hormali2ation  conctourt

PCLD I W) heg on iMFo\d;wr/: role

Posterier OC  likelihood X prior

— PCP)  can be
—  Likel{ hood
PP roaches
Frequentist C pownt
— W s considered
volue

ectimator )

to be a Ffixed poroneter

6 by some Sorm of est! moctor
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Boyesian ( distrbution estimodtor )
— There & only oo single dodn set D and uncertinty
in the porameber & expressed th rough o Probobility
distribution over w
® VV/ML VV/MAP
Frequentist Boyesion
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O\EE o\ B2 ARIe YUY 23 maximum likelihood
error function = — likelihood or —log ( Jikeli hood )

Remork (Stolxit €2y

- AMEN4 (a3 BE) $ RE Byl X IAE 4 9

— Bat olcme3 Ay LRLT A ML AL YUY BOE
§3™ Biei4d & 22 MA Aeq  ( conjugote)

— 2%MY 2N Hel B VUS| CET

—  Moaginalizatlon C3 %) over w ¥e

P
03-11
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|.2. Y Growussian Jistr bution

Real ~ valued

by

A x| P, ) =

/A: Mmean )

erzoxlole 3(_, G(Uw\gs " an

I

(X 6—"')%

exp-{

d st bution i  defined

- cxmm | pet)
202

A unimodol

/\A

&> varlance
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c~

Observe

$‘b°'\e N"d de.V( thO ")

7

(;: L . Fre,c:cs'cow

ML M) So

Do 2
5 AN X[ M, 67%) dx

ECxJ

EC¥]= §

7Y
N

\ 29

5"" N A o2) Xxdx = M
v

)
N My xXPdx = M S

VwCx] = ECX I~ Ecal = &>

Chapter 1 Introduction

49



Let

L

F 77 empl- b x) expl- mma ¥ dxdy

S:AJ:O exp ( - 2-—;: F) rdrde

2
pIT, L

= {2z ©
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D— dwensione| multivariate  Croaussion  distribution

-\
exp |~ £ K- T Cpmp

ANCxr M T)=
/A ) (,2.7&)0/:- lzlyz.
, IxXP  OAP  DX|
ée’cemu\amt
M meon  vector |, 2 covarion®e mabrix C OXD)
(see lotber l)

Y € \RD rondom vector
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N scalar voviables X,,.. Xy LeG x=CX,, .. 'I,V)T

A ssume L ore drown Srom a  normal  Jist.

How to  5wnd the porawmeters M ond ©°

( povrom ebric nSerence )

X, e S own Pleg Ehe same diskrbubion  nd Pe,nden'l:l)r CAA)

N
pexime®) = 1 x| 4,00
=\

[y o ‘
l ‘ke[' A Figure 1.14 lllustration of the likelihood function for 4

a Gaussian distribution, shown by the
red curve. Here the black points de- p(z)
N o ¢ note a data set of values {z,}, and
Mmc,( m( 2L l (hefl: ‘\006 the likelihood function given by (1.53)
corresponds to the product of the blue
values. Maximizing the likelihood in-
volves adjusting the mean and vari-
ance of the Gaussian so as to maxi-
mize this product.
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MOV DS

o PLRIM, ) =

| Leeli hood

2.6"

o MOKAM(DE le - C lckel hood)

N
— Z (,3(4\-'/") g}b\@z—;ln(,u)

~—

constourrt
N

L s x, ( sowmple meon )
N e

‘.,

N 2 \
T - pm ) ¢ sample  variance)

n=\
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EC My d = /“ unbirged

EC My =

Sl = () o

S X%]= & ZECN]
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]. 2.5 Curve ‘fi'Bb‘mg,

ProbabiVistic FGV'SFCC'L'\\B

(n pu't velue X

( re — viscted)

) toaregt  wplue
N o inpdt values K= CX( .

(/ '(:oxrgd: (" + = CtH,. “b‘y)T

Pmt"(cb ‘(w\kcad)' value +

Expreg un cerbouin ‘ty over

Sor some new

toget
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Assume
]
pLt L X, w. )= N C(tly LX, W), 7)) L. 60)

Figure 1.16 Schematic illustration of a Gaus- 4
sian conditional distribution for ¢ given = given by t
(1.60), in which the mean is given by the polyno-

mial function y(xz, w), and the precision is given

by the parameter 3, which is related to the vari-

ance by 37! = o°.

y(IE(),W)

Io T

(t: TIZel yCX W) cld  ZA-| p d Crawussiow )
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Determine W and {5 b)f MLE

Assume, dotx X ad # e drmwn  independently  Frewm L1.40)

N
pct [ %, wr,p) = T AN (%l Y CXa, W) . )
b n=l by def
ossumed o 3
be Sxed = (2%) e><|>{ -8 Cyom,wy — )

Modmize oy llkelthood  wrt  w o §

Y 2 N N
0n PCB L2 W, B8) = —{-’éircxfW>—%t + Yp - aan
solutions  For Waue , (P /
N —
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Powt  predidien C nt use g2, )

yix, Wy, )

\

4

New in Put’ p & t:
D isbr butien Pr'ed'(c.‘tion C not Ba)re ston )

PCE X, Wiy , By ) = A U6 LY CH W) | B, )
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Take o step towards oo  more Boqes{om aypmacl«

O
Pr"mr Yistr bution over vy AS the Forw La )
M4

= o = = -3 wy' Wy
PLW | X)) = MCLw |0, T) (M) expi~% f
where o« s & precsion ad  Mtl s K of el w
( YXw) M th  orr P°[7 nowmi(al . Wo W, WA )

X & called hyperporameter  Cprrometer oY poroweter)

PAw | %, &, X () oC PLEIX, W, 3) PLW [xX)
| (eeliheod
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X, 4+ o cHM dbshgol 8 w

CllolecH
Ma\ﬁ\( M 2E Pos{:er-ior-
[=>>
Minimi2e

n=\

d 't bubion C MAP

N
LT fyomwn -wt" +

Chapter 1 Introduction

2

e

o{

2

!

MO (M UM

W Wy

?oS'befior)

60



[.2.6 Boyesion wurve Sibting

We shif make o  powt esbimabe o W

Tn & Sully Bayesion opproach, we should  opply  sum ond
prodqct rules oF pro bob\ l‘cl>7. Se we need o tegrode

over oMl velues of w C Marginadt 2abion )

C.ommé wibh MAP C MoK MU 2e FGWEOV‘) . we will  use
pesbertor plw | %) C ¥, ‘brosln‘m%_ Jotor et )
~—— 7
Ov“ ‘td\'S'oYM‘ﬁor\
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Predict  the wlue oF Tt For a new test pout X
= Cuwlwte pLEL X, %4&)

( A28 X Yl e clxk + 2| §F g auc\e{ xyy

%y )

MNow & o9 @ ove assumed +bo  be given and Soxed,

PCt X, £ &)= | PLEIX, W) PCwW | %,4) dw
/ Pos'terier
((.60)
ANLEL Y e, w), ()

OLWIMFtZon
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We will see  and periorm  analytially  loder,
s given by & Cussion

PLtIX, K &) = A LBl men, s*exy )

V.
where mCcx) = ('>§CI—)TS Y o) tp

n|
oy= '+ 8 ex) C

Hee Mmoebrik S %‘\ ven b 4

S'= «L + f S ot o)

Nn=\

-
T untt mabrix CM+1 diw), Bw)=gw, . F.X),

we  widl mk&
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RQCD»“ OSS UM P‘f(on c

Mk
Prier  Jdlstribution over w ' PWin) = NCwl|o, o I)
N
likeliheod @ PUBLK W) = TT AN Chnl Yixa, W), £7)

Ny

Pcsberior pew | x4, %3 oC Pl %k W, (%) PW I(X)

P%lx,#rthj PLEI, W) PCW | &,4) du

(
/ likelihood oF Gingle FOin't'

w‘QFen it of X
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Curve  Sibting

M .
Yexw) = 3 Xw (M $oed)
v model &Ssunfﬁoq
Seb  ony  ermror  Sunchion Assume  t ~ ACE| yexr,wd, %)
% N |
Fd w™ st lkelthoed T A Chnl YUXa, W), 7 )
N
M‘(ﬂ.(w;(% erYor‘ 'SLJV\C:b‘{On Pr“or W e~ N CW/ l o , o(‘ I—)

*
Yy X, w™) = postrnor PLW | x4, %, 3)

oC Pl %k W, (%) PLW [ X)
= Pctlx,vf,-ﬁ;)

= jpu;lx,w) PCW | &,4)dw

Chapter 1 Introduction 65



|.3 Model selection

¥ oF  poarowmeber ( coeSficients)

Tl'\e, FPJ‘:FOV’MMCQ onN the 'I:len\(ng, 56(:

indicator oF  predictive  performance

}

s nét o %ood

( becowse o:[_ over -—’fr{;)

S — Fold  Uoss — velidation I—q) > 31@]

Figure 1.18 The technique of S-fold cross-validation, illus-
trated here for the case of S = 4, involves tak-
ing the available data and partitioning it into S
groups (in the simplest case these are of equal
size). Then S — 1 of the groups are used to train
a set of models that are then evaluated on the re-
maining group. This procedure is then repeated
for all S possible choices for the held-out group,
indicated here by the red blocks, and the perfor-
mance scores from the S runs are then averaged.
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When S increoses P ¥ oF "[;W-En‘w?, rans

Arcther methed s 1o odd penalty term

€.9. Akaike

wheye M

&

inFormetion  cr(terion

n PCOI W, ) — M
X oF Pmmeﬂ:&rs

Chapter 1 Introduction

«

inCrenses

67



[.¥ The curse &F Dimen s'conos[i‘ly
The dimension of inpit  vechr X
73 . Aol Foap ( Featwe 2| &5k RFor2) 22 37U X
£ Ry RXIZ %2 CGUOCid TEIF
— 34 (e pM) ot WA coeSficietts 2 3p ohor L

— DAYy oA 2l MEE MU AR MG &F

%
Vp L) = @r
N -~
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Crenerally

\r\ox\l ;ma_ lowe,k

vpc,\) — vl> CL-¢)
Vp Cl)

D
= |=-CQ-8

Figure 1.22 Plot of the fraction of the volume of
aspherelyingintheranger = 1—¢
to » = 1 for various values of the

‘ dimensionality D.

volume fraction
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real <doboe s oenfined fo o region of the Spate

Jirensionality ( manidold )
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|.5 Dectsion Theory p L &) .
pLELF)

Inpat  vecbor X towgeb  vecbor

/

FQV‘ mv'ess(m , -ﬂ: com Fr‘l s€ conbinuous vasl ue &\ 2‘

For  clasifiwmtion 4  represest  closs  lobel
P

.So‘(n't Pl‘bb. éQﬂ,-ﬂ:b PNVNe,s o ’C»MPIB"[E’ sqwmowy of-
Ehe unc,er"bain‘t7 associoted  with %,

De,"bZrM‘( r\ock;.ov\ of" P CX p ‘H:) iS on 't‘[ P( Ca.‘ RXawm Ple. (. dtff(CuHi)
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I Pu‘t' iwucae, , 74 (- ray)

/

Y nory  closscSi olon

Trference. modeling. (P ¥, Ce)

Decision i §o-  given X ok wheh o two clages % i

We ovre nterested n pC Ce | X))
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B)( Bc»/ es f S theorem , c\oss \hI\S'\'br

/ ?rlor
/
PCk1 Ce)’ PCCe)

PCA)

PCCe k) =

Postesior
Av\7 qumﬁf?‘les AFPQN‘MQ, \n theorem can be obtnned  Srom
PCK,Ce) by oither  wmarginalk >Ny or condi Eiont ng.
M‘U\'(M‘( 2e ‘H“Q chonce o oussig.ning A o wrong cla«.ss

=) C[‘oo se +he C—\ (735 ‘\a\\l‘l V\%, the 1’\‘! %JI er Po Swi Or Fl’o b
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[.S.|

M'\n‘\w\‘( o no the

Decision  reqions Re

IM‘\S cl ass ‘\‘S'i cation rote

i #ekl den A

— Re«a.}ov\s in  domaln space a»%lq.n‘mg. points o

Decision  boun do~v“7 * boundories between Rk

o H O ON W e UV N

Naive Bayes

o H O ON W e N

Logistic Regression

Random Forest

o = N W e vV oo~

= ON W e oy N

(=]
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gu?fose our %.oaul s o moke os Sew wmisclasiFicotion ag

poss ible.

R,
R
b Cmistake) = PLRER, &) ¥ PLReRy, <) , :

e rror
_ (L px, ) ek 4 ( plg Q) 4%

M \nim| 2e P Cmistoke) ||

F PUX%,G) > P\wr assiggn that % o (. (xe R)

W P LX) > PLxRG) rr X o C, LXERL)
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PCx, Q)= PGIR)P) PR C) = PCCGLR) pOr)
In ordr oo minimi2e P Lmistake)
09;'«9-"\ X +o +he class Sor which PCCel %) s lar@:":,

/

Gen ml cose oy K cdasses

k
pCeorvet ) = ICZ‘ PLkeRe, <)

(
Mo

g PC%,C:)\‘#
=\ Ru

—

PC#, ) (OC PLCelR)) > 219 Re i IR X
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052 Minimi2ing the Qx‘)ec.‘bed loss

cost Function (loss)

The opﬁma\ solutlon s Ehe one whch minimites &he [osgc

O - 2 % ConSusion Mmoot Nx

6- %- IO% MOC&V:()( |
LsC Lr.J be +the logs in cose  bHhab  true clos s Cp

but % O\SS‘(?J\QX} ‘&: C,[asg C‘-, (_%-E.(\QI'D\")' l/lﬁlﬁ ==O>
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ELL] = 2 2 S L PC%,Cp) 4%
e J

R;
\

/
Ce f 9L | CJZ_ T 3t 73%

Minim( 2e ECL] o) mtnimi2e 2 L\q PCCel %)
k

|.5.32 The reject o‘>‘b}on

PC% Cg)

oC P CCe k)
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|.S.% Tnference ond decicion

Taference

Decision

Tdenti 57

stonge - Mo del

stoge. . Sunction

C decision

W "g\‘u‘ﬁ
Sor PCCe | %) pc#, Ce)

mapping into  Jecision

or é'(sc.r:(m“ r\an"t )

three  distinet  approoches
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C®) Find P (Cel &)

) S—

—  closs conditional  densities PC X1 Cg)

—  prior class  probabilities (simple)

Ce)
_ gy o PEICRIPLCH) pe =
— pPLX = % Pk 1Ce) PLCe)

— EC\“.WoJen‘Hy - modR| the Jownt Jistribution J'\red:ly

ond  then o btain ELQ&;[#)}

— Conorebe  mokel): wodling bhe ditributions of %, Cy
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Ch) Fuwd FCCt:\?K) t\\rec‘b’ly ) a\\aply Jdecision ‘Hneovy

o

-~ Col W& discriminative wmode] f -

¥ §

~ Almost  deep  ledrning. modee
x test

Ce) Find  distriminant Sunction Pe Ge x)

—  Mapping each %  directly onto a closs \abel

—  probabiltties Pla)« no role
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Cmeensaﬁvg, for  closs prior

— [mbalaned dotee  dessiFicabion (d85tct o Odanerall%e)
PCX|C) PCCe)
)

_ PCCe (%) =

CDM\D\MNQ. model s
C.g. Med{ co| d{a%&oms'cg

— LIOOQ\ 'l';es‘t , )(— m7 ‘(Mo\gz

~ ST EF N vs H AL ey wF) B WL
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Condition m\\y independent

A ad B ae conditionlly

independent iven C (ALBIC)

PCA,BLC) = PCAIC) - PLRLC)

prop ALB|C <& PCALIP, C) = P(A[C)

ok o %L};

Suppese % AL %g | Ce

(&ssum?tkms oF Nawe gd-yes clad;sz‘f'(er)

= PCCe \ %, %p) OC Plrr, #p | Ce)

= Pc¥lCe) PUxgl Ce) PCCE)

o P(.C(:[*t) F(.Cg;[XB)/ FCC;-.)
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[.S.5 Loss Sunctions SFor regression
Pre diction of the volue t  Sor eoch %

Let LC',?,}'CQF)) be the loss Sunchion C*fem‘s on YL#))

ECLl= §{ Lt ye) pert)drdt & L > (et yesn)

2
Tn cse LCE YRy = { YW -tf

ECLY = [ {yw -+ portrdxit % & Z (ba-yom)

v

MSE
Y CK)
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Goal: chose Y@ as so minimize ECL]

Assuwe  YOE) s

SECLY _

Sy )

Fune tio o F

7

$

O ————
gu—

4

Since ECL) =

@Mple‘be\f Flexable

FLyd = S G Lyex), Yex), X) Ix CP.5)

3)’ Ar. (

e @

~ 15 %Yw)—t} pctt)dt = ©

jyee) ~€1> plit)dt dx%
§Siyue) ~t1  p ) 9t

N—
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-— L g

g

SBCLY _ 3G d (36’) = 15”%—1:; pex,t)dt

3YLE) oY %\ 3y p
Tn cotle
9
)T
Cortirue +o  mimmize ECL] 5oy Y(¥%) i :
" VvV
tPR, thdt
Y W) = ) tf ) = S{-pctl»'c)dt =: E_ . Ctl %]
’ Suncbion o X

We used § purt)dt= pex).

For  malbivoricte borget 4 the optimal solution can be

expresed a5 E,C+1x%)]
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pX
L=4Yw~t} o >33 (Mse) ECL] Cexpected los) 2

FE B B Yory = ECHI%] = f £ plelg)dt  ( conditional exp)

\
% 0| MY 34

Figure 1.28 The regression function y(z), £
which minimizes the expected t
squared loss, is given by the
mean of the conditional distri-
bution p(t|x).

y(xg) p==========-==-=-==-
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Noebe that

|y - 1

’

=4 yuy t ECHl%] -t
® . e
={ yw - ECt¥I| + 2y - ECtix] | {ECLIX] ~t}
\—/-
T4ECEI ] - b|°

©)
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D  § 1yw) - ECEIXIL pugt) dxdt Pegrt) = PCbl %) - par)

= § {yw) - ECEIx] pupdur) - § poviadt

—
= |

@ §§{ywp - ECtix] | {ECtI¥] ~t| pust) 4% 9t

=§ 4 ya —'\FE'l:l#Ji'( § 4 ECt\Rr] -ty pc{:lxc)d-l:) pCy) 4%

N

= ol 1] [ Pl syt - § bpetimdt

= 0O
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@ s JGUtx] -] p g t)dwdt = 5 1eCt12] ~£§ pUtlx) P LX) dx dt
MEon

=5 (J4ET81%] -t Fos 10Nt ) pog) 4

= 5 vorCtl %] pPLx) I¥

i ‘b7r>e 1
B Mintvum  ©F gcud
Thus, / ‘ﬂo't se

ELL] = (4ym-greix 1 pw 3% + { varLt1x] poo 4%

N /

witheut Y (%

(op‘ﬁm\ least squoves Pt‘edic‘l:or (s g{ven by the conditional mean )
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Three distnct  approaches 4o solving regression problems

yay= ECHIX] = { € pLelgp) it Cl.89)

V-
) De'bir‘m\n'\noo\, pLkt) Norrvwsliz-‘m%_ to Fing

Coleulating.  the conditional mean given by ((.z9)

Cb)  Solving. the inference of <etermining. pCEly) Jirectly

Colculating.  the conditional wmean g ven by (.89)

) Find YW) direct ly from the 'f;lr-w‘ning_ Joct

f B&ye«;'w\
74
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M nowski

| oss

ECLq] = §§ tyw -¢17 port) dx it

2 i ; - 2
qg=1
Tt Tt
> >
0 0 .
2 -2 -1 0
y—t
3 2
q=10
Tt Tt
> >
0 0 .
) -2 -1 0
y—t y—t

Figure 1.29 Plots of the quantity L, = |y — t|? for various values of q.
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[.6 Tnformedion Them~7

Diccrete vrondom varioble X

The amourt of inSormation can  be view as 'c)egm_e, o sufrice.’
on learming X (M3 %2 ATl 20 gy

A Ww > Qe 3y [4% Y ve 23 5% P

Apode\  UEAY B T Ewy Mo

Meosue oF information depends on peX)
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heo express the information conternb

Considey the unrelabed C independent) evesits X, ¥

hex,y)y = hwy + hey) Aok DL Yk wq PRy 2

Al ofoes TH DL gy
( When X ALY ,  PX.¥)= px) pon )

Leb
hex) i= — lo‘gﬁ_Pc’x) ( oamount sf- (nFormation )

_S P Q“ch)dx

- YL dEgol mPEdL
HIEXJ = E pcx) |og_)_ pCxX)

T3 Y%

Eatropy

/1
EChoy]
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Take  poyle pot) :=o0
Eg. Jdiscrete rmadom

C length 3 bibs )

\ \
D unifom pob CF 5, .. 3 OR B

when  poty =0,

variable X having- & possible stotes

—r*
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We cee Huk  nenunidom distribution hos o smaller edtropy

than uniform one.

When x ¢ Jdisurebe Yv, untform dictribution  hag the maximum
entropy

Trtroducdtion to entropy onalysis
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L us  define e.n't’o?y of comti. rv L with Pd§  pcx).

r.v

Divilee =x into bine ©oF wdth 2 oand ascume ECX) s

continuous . By meon value theorem 9 x; e Cin, ctrs] ¢t

?(,'x) A ‘H\

Y, S(}-H)A d
) dx. = Cxz)
;O P ) P
’.;\ t ¢ €2 1 2
} i“i"‘“""

CCo'\\Iefb to szP ‘fU'd:{bn)

Assigning any volue X € jh  biee 4o X;

= the prob, o OBQeWEV\g. the values in A" bins = [P a
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Entropy o such  discrebe  distribution log, —® L.,
provoba\ity
Ho = - ): P;) 2 Ln(PLX) D) = - z PLXR) B Ly PCXR) — LnA

wvhere we used I PO o = paodx = |

Now we omt -Lno ond consder O —»©

(™ Ai._ ‘ PW)AQ'"PC'I;)Y = -—SPCJL).QAPCI)V}I,

L0
€ Chow]
colled ‘JR‘S‘S‘W"H&\ entro P;' C continuous Sorm of en'bropy)
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Multivanate continueue vanable

HT%] := -j PUK) Ln PUR) I K

X — K

Tn +he cose ofF disoebe Jistributions undorm d st bution

hoas the Moximum ex\‘brory,

let us consider the mMorimum evﬁ?bpy configumtion For o

continous  variable
(—on,02) TV X
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Con cCrovnts

bes) = ? { poudx =
( X poIX = m Fix
(Cx-m* pay dx = & g D

Usng Lag-run%e, mult‘(Plier ond  clculus  oF Var'icxb'(onsf

we ceb the derivmtive oF this Sunclional 4o w0 givimg
(%) per) = Rxp -l + Pt X+ A Cx-M) |
Ppply per) B0 consbrownts

PU(): (_27(0‘")'/1

Chapter 1 Introduction 929



HLXJ
%)

We  need moximi 2, +the ol ow}mg, -g-qm-[;)_ono\[ w.rt  pex)
— S pPcx) La pex) I + 7 (S pee) d% :l) T 'ﬂ;(iipu) dx -;/u)

+ 7 ( S c,x.——/u)" pcx) dx — °">

Leb

F(Pc.x)) ::S -‘ —px) AnpPLl) £ N peX) + 7 X PCJC)"G' 71303(.—-/4);?(2) ? dx

(
&Lﬂc‘t‘hﬂa\ + (-7 - 7‘)./" - 7'30-'1)

= § aGou) dx + ¢
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¢ FCpx)) _ 2CTCP) — 0n PCX) — PN - \

P T ap - Py

= 0

Qa PCL) = A+ AN+ Py X~

DisSerential enbropy of te Craussion

HCx] = 54 L+ LaC2ro™) |
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%, two  randem  varables  with  Jewt preb  pLgy)

—n PCYIR) : allitonal information needed o Sredf)' Y. when %

s atven

Conditional| e;s‘f:ropy oF ¥  given XK

HOYI%] := —js PLy, %) La PLY[ %) Y 4%

(£, ) e\ ey
= 'J.)gi'bg +

HC%Y] = HCY1%] + HC%] Xk K, o
Y2 Y8 g g9

We  hove
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[.6.] Relative e,n‘bmw ong mutuoe| nFormation

Unknown  prob. dist,  posd (true digt.)

Approximating  prob. dist.  qeg)

Amourtt of  odditional {nﬁm‘b‘ton needed 4o send X us\ﬁ q )
r= — Ln QR I — | —

Frepra)= -Jpenmeden i = (2] pon e pon ox]

P 92y

v q Cp)
W\?\'OA"M = ——S PCK‘)%&WT 3 ¥

kullback — Leibler Jdivergence ( relative entropy )
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Remork

— kLCPHNq) # kLCQUP) net  symwetbric
— kLCPUY) 20 ()

— kKLCpllg) =o oy P=9

—  measurement o dJi¥rence between  Hwo prob. dists,

CF) P convex fundion ) £ oo Sunchlon & ¥
Prob. MeASUe

Jensen 'S
§ ) P Ur)d % P Cx)) PWR) J& .
P LS snE@es) < P eqpolty
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Now suppose K i epret®]  From  unknown Pog).

We .bry +o o\\mex‘(M&";e P(.XC) (AS‘(n%_ qCﬂIG‘) (9. Pamne’tﬁc dlst.)
Mdte Cowlo Dﬂm.bh

ond  observes N oints i, ... Fuy S-gu; pLOdX = 5 Z )

kLCp1g) = -§ po h{‘;‘g 4 = Z{-lmq%\&) t R PO
h———L— b—-’ ~~

(dep, of q
To M‘(n‘\ M‘l 2e ‘(L (,P | q)’ we need +to Mo mi 2

2 02,9C% | &) ( logy ltkeli hood )
e

51 saMBsy Q $ 3ok @°\ we By

9~n(‘-ﬁ‘ C{C*MG?) | \Eeltheod
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Degree 65 TLndependence

T_CX(,\)’] = KL ( PuC,\Y) I PCL) PQ\)f)) Malual informotion

- bebween %, VY
( /
oL TL%Y] = HIQ - HCx1Y] KLY = HCA
= HC%I1Y]

= HCY] - HLY!I %]

The reudbion tn wn C€r"£7~‘ln'l:7' about X aS o consequeace

o the new VY
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