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2.1 Disaetr  romdom wviarobles concept | parometers
{ Pernoulli, binemial  bebta ‘( distr bution

Bernoull distn bution

R.v X,G{O,\?, parameter M dencte the prob. ofF X =

PCI'-'—\]/\A):/\A/‘»O‘D' o pm< |
N
porometer
~X
Bern (.Il/")z/‘/‘xu-/")‘ ( xe do,1%)
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Remark

— PcxTolm ¢ pCamiim = Lo A4 = |
— E(xX] = o pLx=0o|M) + |- pLx=\|pM) = M

—  Vor[X]= EC¥] - ECx) = M /u\ MC L= M)

D Bemcoxim)
Assume | X, .. Xl s 4 vrouwn 'mde,penéen‘l:ly Lrom some Bernoulli

Fied o parometer m (= plx=1)) in Srequertist  sebhing
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See. llkelihoed Swnction (o5 p) (D = 4%, .. i X;e {o,1)

N N
PCDIM) = T PLxalp) = "\11 M CL=pM) C2.5)

n=t

Estimate CFind) o povometber M by mosimizig L 25)

LnPLDIp) = 2 ! Xq Lo M C\-L)D.,.(,\-—/A)t

Ln PCO i p) only depends on X, (= X). Fid o velue Sor M

o5 i’ﬂ»d\ pPCOMY = o

IM
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N
— (A4
= /AML = J/\-l 2 X, = ~ somple, Mmean
where m = % oF x=|
( Nkelihsd 2 BloMtoz Qtsy 34)

The Sample meon & on exouwple oF sufFictent stotistic

t.q. Flip oo win 3 timeg oObserve OOO Z
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Einom'( a\ J\ffr"\bu'\:‘( on o\g(,g I
Le‘t X = O or | ong N be X "l:r‘iou\g.

R.v m efdo 1\,

From (2.5)
m

* ! \ . . i M=
))(nomukl A\sfr(\m‘tlon oC /\’ C l-//‘)

™M

m = 2% oF X=I|, M the  prbebilty o X= |
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To  normalize  prob. Jist, caleulate oll o possible

oF ob'l:ou‘(n‘moa. mooX =\ Denste by

N~—M
Bin Lm LA, = () M7 Ci=m
N | /\/I Mm =9, \,)-,
Whem (m) L= CN—M)! ) i NCM
We have ECm] = > m Bl lm N, M)
Mm=0

M

N N m N~-
(T33 x=\ 2\ ¥ &) = :{_o m(_m)/v* Ci=M) _
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N
Vor TM] = > C’“‘-EC""J)’— BinC""\N,/\A) = N pmLI=-pm)

M=0
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2.01.1 The beta distrbution
ConJucgﬂCl:e J\S‘b“‘l bu't]on
PCOLAX) ond PLO) hae the same  Jistribubions,

PLB) s called a conwmgate prior  Sor  PCKIO)

(1ikelihesd)

Groal
KA g T2 ez 2AuM Db Porowmebe~ O
I
¢
Pos—ber"bv of O |kelthood  Sunction ?r‘(or oy &
oy &
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Reawll Lhe PLPLM) of  Pernoulli distribution

T A X C1=%)
‘(\':e,\(\beé PQD[}A) = ;\l;l; /A Ll—/ﬁ) X, € { o, [‘(
MECm) T (Piw OKOIY MRSl oMl M 2l Bold 207 )

To ¢ce Bo\yes'io.n O\PPmac)\/ we need +do inbronce PCA) .

b Q"TO\ 6‘\;'[: Y‘.( bu‘tzo n nomolization constovt

- C213)
[7Lxtb) a- | b-\
Eewcﬂ\&’b):f’cw[’cwﬂ =/ oEM = |

0 oy -
where (7 C):= go L du s the gomma Sunction  (l.¢ry)

{
Cgapter 2{17\( \m’b> A/A = ‘ 10
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Remark

~ So‘ Beta (M &,b) du = | v’

o b

- Excercise.
VorLyA) = Co¥b)® (oth+1)

A
- ECp] = b

- 0 b ore c.aslletl kY per PWGJﬂPS

/7

The po stertor  dict,  oF /V‘ hos the Sorm oS

m+t o\ oth—

Pr Il m L, a,b) C Mm C L= p)
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A of XSl M Xzso

posterior ‘
=7 7cmta+2+b) ot

pimi m L, , b) =
[T cmte) [7C8+b)

0\rb . FOJ‘MZ‘B?J'S o‘f Fnor ) . Pos-(; er]‘ar

m, L. rexlt  &F  observation

In view of (2:%8) oand d&F sF beta it

&, b wn be interpreted as eSfectie X observations
o X= | aod X =0

:geqtlen"f\a\ o\.fPr‘oo,c.k. C Boyesian view pount )
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x=t 1

prior | likelihood function posterior
1 I 1
0 : 0 : 0 :
0 0.5 1 0 0.5 1 0 0.5 1
p Y Y

Figure 2.3 lllustration of one step of sequential Bayesian inference. The prior is given by a beta distribution
with parameters a = 2, b_= 2, and the likelihood function, given by (2.9) with N = m = 1, corresponds to a
single observation of x = 1, so that the posterior is given by a beta distribution with parameters a = 3, b = 2.
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let us Predic‘t the outcome o the next tral
l ( cx=\, M, D)
pex =1 1) = §, pre=t, mipydu = § FESL

_ S‘ pex=, M, D) PLAL)

onditio nall y

independent bs\
=G PELDIP = E

IMm

_ Mt o Posterior
- m+ o +L +b =?C.A\C)
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~ M+ o ~ (wh o
PCL'\ IE) = mtotLlib @'o\.‘tb Ch=nN=-m

™M

—

a,b  ore hyperparometers o5 prior N
m,0 ore from the vresutt o  experiment (M= & of x=1)
Remork

— m,L — > Chug oberwtions), +then ML = Bayesin

— ¢,\> —p > then VMMCQ —-» O (\JO‘H\ Prior am:] Pos":QPEOY')
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D.2  Multinemial varables

Extend Bornoulli ., bt nomirl . beta Jdistn butions

Discrebe varimbles +hat con toke on one of K possible case

|-of- K scheme ( one heb encoding )

X orange  appe  grape .
[ oroncGR. l o) O CI,O,O)T
opple O l % co, 1.0
apple = o l O =2 (o, \/O)T
Prope o l (o, 0,1)
\ orange f 0 o C(,00Y

P M N

—
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k — dim.

Let
The

where

vecwr 4 = CX,, X, .. XK)T a (Co,90, .. 1 0,0.. o)
K
2 X =1
=\
X€Eqo, |}
/\Ar; be PCXe=1 ) . Bernaylls )
Jistribution of 7 ( Cotegorianl  distribution)

K
% | M) = s
PLx M ;\L Me
T \ K
M =S C My, .. /Ah) with /MI:ZO , KZ____
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Remark
— % con +toke K possible cpses

_ %PC*\M):f)‘A::\

=y
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Consider D oF N 'méepem}ent observotions  %Ki,.. ¥/, Sowpled fl:oow

c s cobmporicn )
Likelihood N Rn K. K (2 %he) K My
= T =N =M
PLP‘}M) = ;I'I‘ )AK eet )A\: eat NK
where Mg = En Xne C % of obsrwdions g =1)
D 1 2 - fE K
oz %
Ma&;ﬁX 5‘(’-
: e,
%y ‘ _
SUM M My -- Mg M
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Maximize log [ikel hood La PCPLM)  Sor m with consbroint

Z/‘k =\ . Using LA%W\A@Q, multipher ant maximi %Rng_
K S
D ™Me In Me 7\(2 /“\:—\) C2.31)
= £
constrovn

Set the derimtive o CL.31) wt /\4\: +to 20

-_—_> t: P _ fAL
4 A /\MML_Q/“/’"/AK)
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Mul‘b‘(ncm'(o\\ Jistr butien mi:= (M, .. MK)T
Jownt Yistribubion oF +the quom-bities M, .- Mg conditioned
on M od on X of N totel observations
m = N 3 e
Malb € Mo M, o My | Mo ) (M‘ g ) T

os/\'gﬁ\

N - ad
2 - MK)"’ M M. m

K
m, =
where, ( "y M Z‘ e N

nk.

£ H otegorical 914 % e A M B A % E-closs >k

Me A4 Sy B3 C M Ok 3 g M)

Chapter 2 Probability Distributions

21



2.2. 1 pPilrchlet dJdistribution ( muli —dim  wersion o beta)

Consider the prior distributions for +he parmmeters { Ml

oF multl nomi ol distr bu‘tion. C oV Cm‘[:Q-gbk‘icox( d.S_tY"( ‘Dut‘uon)

K m
Recodl Mult Cm,.. M| M, V) C 11 Me
£ o o~ b -\
= (
’ ASar Yo 2 P

where ot Me=l, F Me =l Here iz (g, de) i

+the paro. meter

" /"[ci '¢S (.on‘S‘ ne\l ‘bo o g'uvn plex o‘f d‘(w |< - ‘ %

Chapter 2 Probability Distributions

22



Dirtch\et Jistribution

[ Ceto) K % I
[7Ck) - FC‘X‘{) I‘.;‘ /Ac

Dir(Mix) i = o My £ |

where [700) s the  Grammn  Suncbion | ooiz I oy

So bhe posterior Jistributlon For the pavometers  { Mef

prior K )
PCMLI D,%) C pLPIM) PM %) ;[1-‘ )Aco(KTM‘\

posterior [{Eeli hood

Posterior dist. a9ain  Sollow Dirichlet  dish.
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~ Prior

Pr(or

- _ o +t Ml

> pCMID, o) Dir C M| ) v, ob<ervortion
/.'(_OCK*MK‘) ngw

[Pkt M) - - [0t M) k=\ -

T
v’hm M‘ - (. M‘, LR MK).

As  binomwa| dist. with  beba prior  we o ‘m-l:%?vz’ce

R ) Dirchlet Pr*‘(or 6s on cfSective ¥ of Xe = |

Fre Boyesion
v t ~ ~Cyexw) G

< \V g
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2.3 The Goussian dJdstrbution (o k.a.

Swgle real wlue x€ IR

l

Caro™)e

/\/Cll/",@z) L=

where M mean 6~> + \variance
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D —dim vecbor X € IRD

MR M, T) =

S\

where M@ D- dim

| \

exp '{ - %_C#—/«A)TZ (_x<-—/u3?
XD DxbP  pPx|

Gr)?* |2

Mean ve.cﬂbor, S . DPxD covoriante matrix

|| @  determiront of T
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Re maork : Why CTOuASSIO s (™ Pov‘tan’lr ?

— Fibs  many  natural  phenomena &N
—  Mogimum entro Py tn  conbinyous r.v
— Cenbn| limit  theorem

Fix M LA random samples of vedor K, %, . %, aore

dJrown  €rom & ‘)ofu\oxﬁon with M, P

_— N
=  R.V iz = T K >~ Nm, L
/ A N oy OO M. N z)
3 N =1 £ N=2 s N =10
%Mée 2 2 2
oo il
% 05 L 05 1% 0.5 1

Figure 2.6 Histogram plot ?.q' I [%lf iBiRg bers for various values of N. We
observe that as N increasesjctﬁgigggﬁ)%g?t%?s o!/%fav:j?a aiussmn(.m §



Let

Us
D s
WLoor

see. @eometrio| Form oF  Cpussion
~\
A= g =) T (k) NexIpT)
% D 7o % 2

cwlled  Mahalanobis disbance  From M bo %

assume . s symmebric Cad  rveal)

Constder e eicaen vector equa\t‘(or\ 5

2 Wy = Ax Wy r=\_, D

Chapter 2 Probability Distributions

28



Clgenvalues 7, 2, ore real and s egenvedtors con be

choen +to form on  orbonormal set,  so  thotd

wy w, = I

where 17\: i« +the A3 clemert of the identiby wmbnx,

By elgszecjﬁbr- w]eccmfosi‘lﬁon, 2 wn be ex‘,msseﬂ} oS

D volue T
DI W U PRV 9% Dx| (xD
<
D% D ’ vedor
Oﬂé - % T .
Y = 2 Low; ug (inverse)
A=l 7l;,,
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2 U _ T2 | -
= A= LFE-M) Tk -M) = K- (T U U] O - M)
N g ”
Mohalanobis e mp e
distonce N % y
O, Cam T
- M
TJ A " # 2l Y
where Yae= U(IC#—/MD C inner product g Ui , C'”“'/“'))
x P D X( X

Yi . few coordinote Sys'f:em JeFined b)' U, shisted ond robnted
Let Y = Y, \/D)T. Then YiE U (% -m) wheve

T
U = ( (f“ ) whose Trows owe W,
U(DT Chapter Zermwu\tion%a\-b?}x ) 30



Figure 2.7 The red curve shows the ellip- *2

tical surface of constant proba- t "2
bility density for a Gaussian in
a two-dimensional space x = Ui

(z1,22) on which the density —
is exp(—1/2) of its value at Ys ’
x = u. The major axes of o
the ellipse are defined by the N /A

eigenvectors u; of the covari-
ance matrix, with correspond-
ing eigenvalues \;. 2\L/2

A2

L1

Remark

- I 72550 Yi- . D, conbour surfoce o A s ellipsoid.

— center M oaxes oriented oalong w; and Scouling.  Sachors

ore %\ ven b)’ 7\::/1
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WLOCr, assume ol eigenvelues o T are strictly  positive
Otherwise +the distribution connst be ormalized ((see ch 12)
' e Y s ossume +to  be Fos“\‘ti\e defincte.

Y= O Ck-M)
Now comider +the GCmussion dist. 1n Y3 coordinate system

p 9(.‘[)
RLY) = P laer) \ gyl

KaCobiom Mot X J with Cl.an)

B = 3y, = Ve

.
UOY + M = X
where Uz are element of UF
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S TPz U= (uTlul= 1VTU = LT = |

ond hence 1Tl = £1. Aso |IZ|l wn be whrtten o

D
|21 = T[‘ 2, %K
Thus n the Y, wordinste system,
X >
PCh = PL) | st CI| = =l AR )
74
= :,"Z‘ Py;(-y/i)

PYD s the prouct ofF D independent UN{ Voo

exp - 32|

¥ = O0k-M)

\

2
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Ia CL¥) , CL5S1). we Sound univariate  Cmussion dJiet

hos ECXI =M, varCxX]= o

D-dim Dxp
Now we  will inte Fre‘b Fahwe-kem /A\ ., >

\
C2r)7P \z&/z

EC%] = 5 exp{ ~5 Cr-pm' T ux—,u\)t % dx%

\ l T <V
~ o 1Tk ) expi-t 272 3] Lxemda

where we hove changed  variables using 2= x-Mm
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Note Huod the exponenst s even, So  the tem 2

in the  foctor Cx+ M) will  wvonish,

> EC®#] = M,
74
% & IR

Now  considr the second order wmoments & multivarate

Grosssian. La  univoriobe cose, the second order moement

S given by ECX*]. In mulbivariote  Croussion, there are
D* seond order moments  given by ECX:i%]

v () S
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| \ -
ECK A1 = [expi-zrs ool uaTin

LIK)O/L \ZI‘/L
P (xP
z2'
| | ( -\
- 7 " 5 QXH -z 2 Z %T L tM) (2 tm) 42

Cax) \Zl ~— .

%)
= k- M. Vonish by symmetry constont

/T N
g
3 (FEM)CRTEM) = FILt IM A M A M
tronspose  of

1/.
Rewdl yiz= UlK-M) rows of U ae eigenvedors of 3

Yy
= X = U'ry = (u‘(...u‘p)L; ) = ZD Y Uy
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l ‘ P p D
= Uls W ex ﬂ— )3
Camy™ \ZI* ; Z‘ 2o S L =

[
M
<
Y

>‘_'
>

>
l
M

—o

‘

>/
v

eq. pP=2
2 2 SS e’x?(_ 2'0( )Q)Lf(_" -5._77 )Y YQY\AY)_

\A;((( Voq\.(g L\ Cham&'@ﬂ‘robabiitﬁﬁ;tributions
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Thu¢  we obbain ECx%"] = /V“/“T +

ond  Covariane ©F K con be obtaimed by
ovex] = EL& - BL#D) (%~ ECx)) ]

= L

Chapter 2 Probability Distributions

COXp mobnx)

38



D OxXD

S
Remark MOk L, T) Y!. real
. pCD+t3) .
- R of porometers 5 quodrntic
- T = dag (%) o T = L deep dive
2D D+| iwto  Craussion
— Unimedal CSingle moximum)
Figure 2.8 Contours of constant z,4 oy 2oh

probability density for a Gaussian
distribution in two dimensions in
which the covariance matrix is (a) of
general form, (b) diagonal, in which
the elliptical contours are aligned
with the coordinate axes, and (c)
proportional to the identity matrix, in
which the contours are concentric
circles.

(a) (b) ()
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2.3.1 Condiblonal Craussian distributions

¥ . D— dwmensional vector with A/Cy% | M, T) which s

o D—M
Pw‘\:l‘hanex\ \nto %o , K wibh K, 6 R %, e R
_— s —_
¥a
%= ( )
Xy,
COW‘esPont)in%. Poxr‘t'u‘tiong 63 meon  vector covarionce  mabrix
MRM M D—-M
/M - /Mb) z = (
Zpn 2
Pp-M XM D-Mx D—M
.

Note hot IT:' 5 -‘MPF@ptemE%bilitﬁiggibutm Sywmetr':c, D eo= 2oy 40



L et N\:= 2~‘ _ Lowerse
MrM
Noo
A = (
AN

&

covariance mox-brix, Pmds‘(cn motrix

AP

/\ bb ) D-MRD~mM

-

Note Hok  Asa , App ore  symmetric | Npa = Ay

I

Fid  conditional distribution PC% (%) Fix %y

Consider the quadrati

Sorm

in the exponent
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— Leg—my > (g —pi) xP Dxp DX\ (% Sux=d)
* T . %o, Fb
.
= 1 U= M) Aga Lo ™ Mo) — 3 U= M) Ay, (o= M) o
2.No

— 3 k= M) Np R = M) — = G = M) Ay C&p — i)

F“rgb, P L#A‘ Xb> W}“ be M-=dim CT&USS‘ an . be uUse A'Q"S‘\tf
Sunctlon s o quodratic Sorm 6F  exponent

Now we ore going +o Find ib5 mean vedor oand cOvariane
-

by “cme[e‘l:eﬁﬂg_ the square 19 —

19 (G 5) (5
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Cg. in cose P & exp( aX + brtc) 2 XL  gousion

2
2 b y_ b
g Py C QxP-‘a(x+®L+lPax M+CT

oC exp { alx+ ) |

N b \
= Pd) :NCI\/A,G‘ ) /A:—;&, @z:._gz
@ Since NC,Jll/d‘O‘)OCexP-{— (x )./u\x.-(-//\)}
M
oC Q—X?{—M_,x x|

_ ‘ M __b _
= o= 26, b= N M= 2a 6.—.‘5-—0-)

'
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Likewise,

the exPone.n“b in D-Jdw Gauss'ion

ConN be whtten

-\ - -
-—-%_- C—pm) T LK —p) = @*Tt‘x + z«T}:'/Ml + conctant

In wview

o we

—

oF C')-~'70), ( second orer 0 %.)

cum—

1
2

obtnin  Ovarlance.  oF  PLAa (%)

T = Awn (T
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Now consider

in Ha

W\nere, we.

Since

all

of +the +erme 1n C2NO) that oare

AT P i~ P i}

hove

.
used Nbo = Nas .

-\
z"“‘b )A\“\B - /\M/\M“ B /\Ab Ky, _/‘lb)/

-\
A
v

/Mou\b ~ Iouuf, ‘ /\M /A\“ N /\Ab CKy '_/"ﬂb) }

|
ChaxeAI ﬁrobablllty Gmrlbutloﬂsb C Kb /A b )

linear
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/MML = Ma —/\;a. /\mb (X‘b—/A\b)/ ZNB - /\;L

L e,'b Uus 'f‘m 6 /\M MA /\Ok-b .

Recl\ - (zaa- L\,) _( ATS /\ab)
e Yoo 2 b Npoe /N b

Use £Ele Sbl\ow‘\ng_ identification For the inverse & o Par‘l:'(ﬁoned

mocbri X (A B\ _( M -MBD"

- - = - (2.p6)
C D —P'eM D‘{-CMB‘)

Whm M= ( A —Ch@t@-"@ﬁ;ﬁ&y Distributions 16



ond

we t\a\\@,

L\Q.h ce

IS

is

- -1
= (IM - ZAb bel Zba.)

| -\ -
Npa = ~ ( Zoa " Zab be Zbau) Zo~b zbb
Moy = Mo Ty Tpb Chp= i) x<b
2ob = Zoa T 2on be Zba
o linear Sunction oF ¥y

iv\ée_pen Jont oF *
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2.3.2 Margiral Gaussion distnbutions

Consider the Sollowing moarginal distribution ANCKRI M, T)
oy
a) = #o, K Jd# =
PLta) = 5 Plka %y) I%p 2= (0 )om

(hp 2 MG ML @E % O ocg §TAUZ)
Shm‘l:?.g.y © Socus  on q urdrotic Form oF ex Fonen‘t' and Hmtify
the ™M eov) veckor  ond c.ovariomce MO\'E'\‘“(X Q‘f‘ p Ot

Recodl (2.00)

\ U< ey~
— 5 CE~pM) T CE-MD)

T
= 1 U M) A Lo ™ M) — 5 U= M) Ay, U = M)

— L U = M) N\ o U ity ronavivty isgiguropd ) Ay, C K, — ) 18



In order to integrote out ¥y pick out thse terms
nvolving. %

\ T T o _ - NT -\

(>.8%) - .
+ 2 mT Npp ™ (Square expression)

iabp. of %p

where m = Ay /\Mb ~ /\ba«- LKa — Mo)

For  pita) = § pida, we) 48y,

(2.86) 5 exp “ —'-2-‘:(,5(5 —/\b: M\)T Npp CHp — Ab: W\l)% JRg
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which s an inveree ©oF +he normalization cpefficedt.
As seen beSore  this weSSiiert ©  independernt o meon

Combining  the lost term (3 mALM)  in (28F) with remaining

terms  in L2.N0)  depending  on Ky, we  obtmin

g

> M‘T Abb m - ";" ”‘: Aaa. 7}(0\. + )5(: CA&"-MG\. + /\O\-b /Mb) 4+ consbant

-—‘
3 [ A My = A Ok = Ma)]" Ay T Abh My = A ¥ = Mo)]

-l -
= =357 (oo = Ao Moy Nba ) %ot %5 (A= Ay Ay Ao M
il

/

+ (onctant Chapter 2 Probability Distributions 50



Rewll 4he e.xPov\e,n"b n D-dw Gousion con be wntten

-\ - -
_.%'-Q)SC-/(A\)T 2 (% -Mm) = ——;_- % T % +ch}:'/Ml + constant

Denste +the covorionce &F p Cfo) by Zm ond im (s

g.‘\ veRn by B -\ |

Similorly,  Mean vecter i given by
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TO S‘((M P\ify

\
zou.: ('AM-/\a-b /\bb /\ba)

recll ( Nooo Nap ) ( DI zab)
Npoe  /\ pb oo 21k
ond  use (2.N6) expresion of the inwerse & o Pa.r’l:'(ﬁone;é
Mot % - -
o zou.: LAM_ /\0~b /\bb\/\ba) -
Thus we have £l = Mo ' cout . /@ >
wheve Ftﬂw) = S P(&q\gpﬂr@}r&aﬂgy Distributions 52



NCKRL M Z)

,;4-_-_(”‘

o

#p

) »

:(/*‘»

with A:iz= T D~dim X%

~ oo 24 B
M ) zz(zzbmibz) A-(

Conditioned  distribution

Marginal

Plealtkpy) = Al Myp, Aga )

Ja = g = AL Ay Oy = phy)

distribution

PUte) = N (Ao | Ma, 2 0a )
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Ty )
iy = 0.7 v » ' p(a:a|xb = 07)
0.5} LAF AT - 5t
p(xaaxb)
p(zq)
0 ' 0 .
0 0.5 Tq 1 0 0.5 Zq 1

Figure 2.9 The plot on the left shows the contours of a Gaussian distribution p(z,, z,) over two variables, and
the plot on the right shows the marginal distribution p(z,) (blue curve) and the conditional distribution p(x|xs)
for x;, = 0.7 (red curve).
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2.3.3 Baye,s’ theorem $or Goasion vonobles
Lineor Crousion mol example
Cousion marginal Sist.  pur)  Graussion  conditional dist  peyix)

’

PLYIR) hs a mean as o lnear Juncbion oF %L ond

o covorance which s Endependeﬂt o XK.
#6E& M-=-dim

(-e. plg) = AVC%k | M, AY)
Ye D —dwm

PLYIR = AV LY A%+b, L)
where M, A ad b oare parametets governing the means,

ad N ond L ore preusion mabnces,
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We will §Find  PY)  and pPCXRLY), PLF)

: " wn
margi nal cordrtional PCY | 50

Letb %= ( *) oy us omsider the Jeuwit prb. et
7 Pc¥)= PpL%,Y) = PCY LR pW

C2.(02)
Ln pCF) = Lo PCK) + La PLY 1 %)
— --?E CH --/MI)T/\ Cx — M) ndep, oF A
4

—-3(Y-A%-b) L (Y-A%-b) + const

£ Y
This & o quodrmtic Sunction oF the component of %,

ter 2 Probability Distributions 56
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Consder +the sewnd term (n C2 l02)
L AN FALAYR —2YTLY + 3 YTLAX + SKTATLY

= -4 (ML A (3)

_1 = _LgT
o A ) () = ms@TR=

¥ has predsion ( inverse e covarionce ) mabrik  aiven

" ( A+ ATLA —-ATL.)
.2- :(/\7> - LA -
- -\ % 1
> cwvf%]= R = ( A " ~\A A . ) C2.105)
AN L+ AN AT

Chapter 2 Probability Distributions
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Consder the lineow +term  (n C2. 102)

#y'(Aﬂh-ATLm)

TAM — % AT 1] T —
MEAM — ATL D *+YTL b (y h

4y

EC2] = R"\ ( A M :—‘/:Tle)

~ (¥ — M L. 10&)
A% 4+b

{

VUsging sekion 2.3, ond PLY)= S pC=) 1%,

ECY1 = Am + b

covtyl = LM+ AN AT

Chapter 2 Probability Distributions
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Now

we

on  Stnd an  expresion  Sor  pPCX (YY)

ECKIY] = CA+ ATLA)  { ATL LY —=b) + A |

\

oV X1Y] = CA+ATLAY

Chapter 2 Probability Distributions
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Marginal and Conditional Gaussians

Given a marginal Gaussian distribution for x and a conditional Gaussian distri-
bution for y given x in the form

p(x) = N(xlp,A™) (2.113)
p(y|x) = N(y|Ax+b,L71) (2.114)

the marginal distribution of y and the conditional distribution of x given y are
given by

p(ly) = N(y|[Ap+b L™+ AAT'AY) (2.115)
p(xly) = N(EZ{A'L(y —b)+ Apu}, ) (2.116)

where
»=(A+A'LA) . (2.117)

Chapter 2 Probability Distributions
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D.3.Y  Maximum likelihood

Doba. seb S = (%i... %)

Grussian .  The  log  likeli hood

n PCK [ M.T)

for  the Gaussian

$un chion s g—i ven

{){(,\t (i S‘awples of D -dimensiona

by

K NKD  mobng

_ WwP N | <~ T
=~ %) - hIT -;g Cha= M) T Cn— 1)

NMote +hat likelihoed Function

uonEities v
1 Y %,

Ny Chapter 2

tb.PGIK]S on’y on

N
S Ha o #y

ProbalfilR§ Distributions

the S-ollow‘mg, two
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These

Set  Lhis

ove knewn as cufFicent statictics

N -
VP\Q"\P(-Xl/“,i) p— Z Z‘an-)“)

n={\

qw\&eﬂ‘t’ to ero veclor , we obtai,

n=i

(Somple covariance )
Chapter 2 Probability Distributions

Sor  Goussion

P-di uedow

sdu‘blon 65‘ MOX(MUM

likelihood stimoctor
MLE
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Remork

— i ML (n volves /“M L

—  Mu [0 'melepem\en-l: & 2 ML

Ewu\uolte ":‘Ae, ex .d{:ions ot thes $o|q“f(on$ under +he 'I:me

distribution  Then we obtxin

ECMud = M unbiased estimate
A=\
E‘: IMLJ - "A_/' 2
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2.3.5 Sequentia| estimation

SE,C\uen‘Etau\ estimation Sor maximum |ikelihood

The method allows  doban ponts +o be Froc,eed one. ot +time

ond  then discarnded ad e mpartoant  Sor  on-line applications

N

Consi ey - 1
}MML B N n=\

An

. . V)
whch we will denote by Mo based on A/ observotions
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V)

M

(l

1)

[l

L L5
Ve Hy T N Kn
n=\
\ N-\
N~ o2
( N - - n=
— — (M
N 4ot N
w=b w-)

W) -
8;4(, - v 2
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Grenernl Sormulation  of  sequential  learning. ( Robbins — Monro )

Twe nv. 2 6 govemed by o Joint distribution  pC2,8)

PeSne deterministic  Sunction ‘W b y

§wy:= EC216] = { 2 pca sy d ECt19
Hetionol  expectotion

whidh s & Sunction oF & ( colled regresion Sunchion)
Find  the 1ot OF st which §(8%)=o0

Suppose  we @ observe values ofF Y one ob o tiwme

Figure 2.10 Aschematic illu t ation of two correlated ran- 7Y
dom bI d 9, to gether with the .
regression fun t n f(6) given by the con- . [
ditio I expectation E[z |9]. Th Rol bb s- ¢ 1(6)

Monro algorithm p vides g neral sequen- °
tial pro edure for finding the root 6* of such N _
functions. A 0
h ° \9*
Chapter 2 Probabili istributions
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Assume the conditional Vvoripnce o 2 s Finite c8)

o A,
ECLR-®I6] <o D

0’* Solutien oF M)

and wWog SWd0 Sor 656F oad  F(B<O Sor 6<O

A sequente of successive estimotes ofF the root 6F gven by

W) vt W B
& = & -, 26 ) C2.129)

) )
where %(,&w )y & on obwerved wvalue oF 2 when 6=0
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{&N? represents & seq of positwe numbers  sabisFying

Lm & =0

N>R

= |

2 oy = ©9 e.q, <

N=\

L 2

Y oy & o0

= & 50)

By [ Robbirs - Monro]  (212Q) cwonverges o the oot wibh
Pm\n\o'(l'\'by one
Remwr\:

— Third condition ensures that the oacumulated noise has
Swite \vorioance  an  CTRBIRGEOPYFLISIRINT ool  Convergence, o8



Gererod  Moxamum  likelihood P\"ob|€W\ £05) = S%PC%\G) I
By Sinit 5 & o HsHi N
 binition o O sedisies 6, C 35 1 Pe21o2]
N 1
E_{-,—‘;Zanpcmm] - o
Q6 "=l
Oiue
Taking. A~ —> 00 ond exchanging. derivvbive  oand  syuwmation
AN >
— jL' 1 < = - = CX B‘J
Nf:m/v,\zz\ 56 0 P18 L~ 35 $nPCXI®D
NN
Exc@] ~ /%-:;0 N_' 2‘:': 5 CXn) obsenetionx X,

Te. Sind dhe reot oF o Y‘e,%ress‘(on Function

Chapter 2 Probability Distributions
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Apply  Rebbins = Monro  procedure

) w-) 3 A1)
& = & - Oy, Sewm L A PCXlET ] (138

Specific  example: sequentiol estimodion of 4he mean of

Groussion  distribution

. w) | w) '
Ln this  case & s the Mu. mean oF the Crousion

ond X s given by (3.136)

)

Y= _ 4 -
C—Dl“m,ln PCXL My, o) Cx- M, )

pc

< =

Chapter 2 Probability Distributions
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Substitutin % (2-136)

-l:‘nen we ) H:a‘m

inte (2. 135) with

C2.126)

Chapter 2 Probability Distributions

2
_ &
W= 7

|

71



2.3.6 Bare,s;m inference For He Guussion
MLE webthod gove pont estimobes  Sor M, P ( section 2.3.4)

N ow &eve IOF on Ba)'es'\ ) 'b"QoCb’MQlfb @

Single Guussion romdom vowroble X ) 5(4FF°§3 o~ s known
Awm o (nference /m gwven N/ observotions K =4 Xi,.. X,

The likelihoed Sunction s given by

N |
wa):;l:\;Pua\/a) = Lnb"')/’- ex P'ﬂ ZLL. }“),‘

N3t

Mote +thet +ths Suncten s bhe Sorm o the QXFO'\Q"":;“’ o

O q O d VV\"S.(C "S‘OY'M O.S_ Cha})@r 2 Probability Distributions 72



We will cheose a prier  PoM)  given by Craussion becuse
the product of twe exporentials o quodrotlc  Sunction ©F
M will olso  be  Croussian

Toke prior prob.  pPoW  teo  be

, S5 hyperparnmeters
PO = N (Ml Mo, S) - Al

P osberior N O Mo S0
//

PMIX) G PULKIM - PM)
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EM§€ 2. 3 g . we, ob-h'\‘n

— S NG;'L
where Mu = 2 - Mo Y Mo
N6 + 6~ Ne3r + 2
| | N
-—).: _-;“—_—
S S, s

Remark
- /\AN 3 O~ c_ownfrom'(se, between /U\o ond /VW’

— E5fet  oF c|r\ou\ge, in velue N

Chapter 2 Probability Distributions



— Phec:(s\on 3 a.gH'(t\ve, F N — 09 ) 67;' 5 6

— When N s Fintbe §F o' = o, then the poterior
W

. 2 S
redaces to /V‘ML, ond varione 64, becomes —/—V—

Cequential nference  In Poyesion Fara«l'(g,m

N-\
PCMIXK) oC PM) _n ch,,l,u)] PC Xx | M)

~ < Nt
s —
° o oC posterior {Jistribution
o§ter oberving NVl o
w=q X, x/uk

Chapter 2 Probability Distributions
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Q

Mow we wish +o infer the voarionce ond assume meon ¢ Known.

let  the precision A= Vo, The likelihed Sunction o 7

N Ny 4 s
por 12y = T VGt p, 7Y oC 27 expi - 2 T cxep |
N
ie. the Form of W/z-exP(,—g)
The corres pon ds to  gamma Jistri bution
- L A _a-l 3
Gom (N |2, b) = Ty PN expl-ba) 2>0

o0 ~ -
1"(0~)=5 W e du
O
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Remark

— Y a>o gomma dJdistrbution has  Suite witegro|

— X a2\ the Jdistrbution tselfF & Sinite.

- a. a.
Etﬂj - — Vour C A] = —
b b
2 2 2
a = a4 =4
b b= =D
0 : 0 ‘ 0 :
0 A1 2 0 A1 2 0 A1 2

Figure 2.13 Plot of the gamma distribution Gam(\|a, b) defined by (2.146) for various values of the parameters
a and b.
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Cons'ger the Pr}or Jdist. Grom C | G, bo). (2o, bo:

The POS"‘:er‘cor- Jist. oy N ¢S os below

PC %) oC A exp{- 3 = g‘ X p) (‘ © Gam (7l %, bo)

S~ =’ S -

likelihood Function of 2 prior o A

- N, N
o A N exp-bnr-2 Tttty

n=\

= pLAaLx) = Goam( 2l &y, by) where

_ N
Op = %o+ 3

N
by = bot 3 2 (%o - = by + Y et
Cha

ML
Qrb Probability Dlstrlbutlons

hyperpovameter)

C2.l¢Q)
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Remark

ESfet of

—  InCresses

We n

‘eSSective’
EC7Lx]

vor C 2 | %) =

observ‘m%_ N dota FO'm‘tS

the value

v

nterprete. the

65' (o 8 b)r
b by
Fa\mne‘b@r Qo

Pr'(or obseruntions

-— o=
-——

Ot/ LA T NV
bw

p R
lbo + No_):dl—

Ay

——

by
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Now Su ppose that +the both M ond A ore  unknewn

Considr the dependence ©of +the likelihood Sunttion on M and 7
N v,
N n
PLK M 2) = T\\ (%) exp{ =3 U= |
n=
N

»F oc[zy‘exp(—”—,_'f)JN ex\’[”f‘f;:x“" 2L

n<sy

Thus  the Fﬁor Jdistrbution  chould ke +the Form

-
P, o [ 2™ exp (- )] exeicap-day

- .
= e =L - %l 2” e i- (4-55) 2]

Mendbter 2 Probability Distributions /)
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where ¢, 4 od [ ore constarts.  Ugse pem,n) = PLMLD) PLA)

P(MID) I & Crausion whese precision is o linear Sunction of 2

P(?l)‘. a Qomma c]‘(s-l:r-}bu‘t}on, So we +taoke O Pr}gh

PCM,2) = NCML M, (p2) ) Grom (71, b) C2LISE)

where Moi= Yo a= UL = 4=,

/
(2(Sy) s Called normal gqomwma  or Graussion Fammao.

Note thod t s not the S:MPly the Pmduclr s on ‘\'\Q‘E‘X‘.mknt

Guussion  Prier oad  Gammo. prior
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Multivariabe  Crwssion NCX| M, A') S D-dm ¥«

First, when  precision mobrix A & known, the conjugete prior
distrilution & ognin oo Guussian.

$ewnd, for known wmean ond unknown Predsion mobrix N\ ,
the condugobe prior distribution is the Wishart distribution
%wen by

'brucedf‘ morbrix

(w-p-1/3 A
W CATw,P) = BIAL exp (-5 Triw m)

where VD s colled the number of deprees of  freedom
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W o PxD sale wrobrx. The nomalidation congtont B s
@lven by

=1
-7 [ wo o-\)/y . v+ -2
Bltw, v)= |w/]| (l 7% P Ti P( Y )
x=\

IF  both the mean and precisien are unknown, the coniugate

prior s given by

PCM, AL Mo, p W, b )= MM\ Mo, CEAD) W AT W, D)

which ' kaown as {bmepter 2mmneuitly oishidytiherrC  or  Crowssian ~ Wi shout8s



2.3.7  Stwdent’s t — distribution

Conjugobe  prier for dhe precsion o a Craussion s given
by o gomma dsbribution

Consider  unwvarobe Gaussion NI M, T')  Wwith Crowmo  prior

Cram (Tl b))  Trbegrode out +he precision

PCXIM,ab) = (7 NOXIM, T Crom CTLab) 4T

o

o C-bT) CW" = A

_(»® be K ~ L -y
"'So XN za) e_xp{ 2 ¢ /M)Idt
° -a-Y
— ) (1"‘/") ] Pca’+ l/:-)
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where we have wode the donge of variable 2= TC b+t Ci—"/")x/'i:l

Defire new We‘hehc V= 2 ony A= Y}

_ Poevwa + ) G E mx—/‘*)z—)
% —
stLxtipma V) 2Cv/2) (nu) ' V

- =N

knoun os  Student’s 4 — distribution. N s colled precision  ond
P i colled  the degree o Sreedom

When v =1, +t- Jotribution reduces to bhe Gouchy dist:
While i the limit VYV — oo, +£- Jtribution bewwmes

q-auszw N Cx'l)AI Z—l)
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Remart
- t-disct. con be interpreted  Infinite mixbue o Grousson

— Longer toil ,  robustress  property

0.5
0.4t
0.3}
0.2}
0.1}
||
5 10 s 0 5 10

Figure 2.16 lllustration of the robustness of Student’s t-distribution compared to a Gaussian. (a) Histogram
distribution of 30 data points drawn from a Gaussian distribution, together with the maximum likelihood fit ob-
tained from a t-distribution (red curve) and a Gaussian (green curve, largely hidden by the red curve). Because
the t-distribution contains the Gaussian as a special case it gives almost the same solution as the Gaussian.
(b) The same data set but with three additional outlying data points showing how the Gaussian (green curve) is
strongly distorted by the outliers, whereas the t-distribution (red curve) is relatively unaffected.

Chapter 2 Probability Distributions
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Mulbivartobe Students + — Jistribution

StCx MR LY = 7 mori p (1A Grom (1%, Wa) 40

- - A

PC% + ) | A% - e‘
= rcv2) wn)? v

where iz k= 0T A LR

Remark
— EC %]

M F >

v R
- ov(ixl= G N\ T pi>2

—_ mode E W J = /A‘ Chapter 2 Probability Distributions



2.3.8 Period“(c.' variobles

Consides~ on  angular C polar) Coordi nocte 02 < 2R on

the problem of eualuating the wmean o  observadiens
D=46,. &

(pS‘mP(e, average (&1t~ On)jy & strongly  coordinate  dependent.

®Se:b ongular  observatiens as ponts on wnit cirde.
Let X be o — dim  yechor with X = C cos 9’; . sin O )

emloet\c\img
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Averace.

the

vectors  {X%X,] insted To give

Figure 2.17 lllustration of the representation of val-
ues 6, of a periodic variable as two-
dimensional vectors x,, living on the unit
circle. Also shown is the average x of

N
# those vectors.
Z n
—

X4

N N
2 Cos0y FsnB = v = Swby
N ’ N =\

Chapter 2 Probability Distributions
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Corsider  PC®)  tht  have  peried 2% od  must  sodisSies

c)
PC®) 20 R

" po) 46 = |

P(LOt2R) = PCO)
We  oan eas'clf obtin & Croussian — like  distribution .
(onsder & Goussian over = X, X,) kosVim%_ meon = (ML M)

ard owrionce mabrix ) = 00T so  thet

('1‘ ——)A|)l + ('I:. _/\A;)l T Ll.lqg)

_
P %) = 2R 6 QXF{ S o>
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Map %=X, X)) and M inbo polar  coordinotes
X = I (os6 X, = r sinb
( Jo =, cosby My = 1, S B, Fid T, O
Substrbute  these  trmnsSormation  into  (2.103) wibh r=( condition
The egPonef\'lT n  C2.103)

\
=

——

p N Py
{ Creose- ~ e os@d” + (rsin & = rSinbs) |
cr=i)

- - .—“c"" { | + roz -2, Cos® cos® - 2xro Sin & Sin G‘ot
2

o cos (6 -6,) + const

o:).

Chapter 2 Probability Distributions 91



DeSine M= > Then we obtain the expresion For  dhe

distribution &  p(B) olong, untt  circle

\

2x IToClm)

PO B, m) = exp{ m o5 (& - B)

//

which  called von  Mises distributlon, Here Go  represenbs the
meon ownd m < n’/e'* s called conent rotsion Pourwe'ber:

T,CMm) © erodh - order  Pesel  Funtlon oF the Fist Find

T am):= ‘ Su‘ exp{ m coso-| Jd6
°© SR Jo
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Now co NS (Je the MOAX{ MU M ltkeli hoey Sor B ond M
Observations D=4 &,.. Ox] & given
N
Lo PCD L Gp,m) = U PLOL . ™) 2181
n=\
N
= - NLQR) =NLLTIw) + ™ Z cos (6, — )
n=y
Set  the derwdive w.rt O, equal 1o w0 giles
N
Z Sin(6,-6) = 0O
n=|
Thus we  obtnin &:"____ Lo i}i Sin &'LI
Chapter 2 Probability istzxti&ﬁss O’ﬂ
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S twmi \O\rly M oR| W %‘ﬂ%-
CL.I8L)  w.rt wm,

A Cm)
wheve we,

We con rewrite

L2810 w.rt m. Set the deriwtive ©F

then we  hawe

( ad ML
= 5 D s (b6 ) (2. 185)

o
n=\

)

CL\8S) n 4he forwm

N N
L ML
AlMu) = '/‘t, 2 C,OQG-n) o5 B, + (——/{/ > S‘(aG-n) sin &,

n=|

Chapter 2 Probability Distributions n=\
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Here AWMy cn be inwrted unmen colly.

120 8000 60
3000 1
6000

2000
Io(m) A(m) 05

1000

0 0 ,
0 5 10 0 5 10
m m

Figure 2.20 Plot of the Bessel function Iy(m) defined by (2.180), together with the function A(m) defined by
(2.186).

240 300
270

Remork :  other techniques 1o construct penodic  varable

)

~  Histooram n Po\or coordi nates

_ whares oF von Mises dJistributions
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2.3.9

L tmctotions

M ixture

Mixtuvres o5

Q‘ws;'(o.ns

o o Croussion ( unimoderl )

Figure 2.21 Plots of the ‘old faith-
ful’ data in which the blue curves
show contours of constant proba-
bility density. On the left is a
single Gaussian distribution which
has been fitted to the data us-
ing maximum likelihood. Note that
this distribution fails to capture the
two clumps in the data and indeed
places much of its probability mass
in the central region between the
clumps where the data are relatively
sparse. On the right the distribution
is given by a linear combination of
two Gaussians which has been fitted
to the data by maximum likelihood
using techniques discussed Chap-
ter 9, and which gives a better rep-
resentation of the data.

distFbution -

100 100
80
60
0 | “ 3 4 > 6 0 1

lineor combinations
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Mixture of GCaussiang Super position of K Grousions

K
pop = L Re MO | M, T,)

Coch X C % | Me, Zh) [ colled o  component 5 mucbure

The paramebel' K ore called w\‘(x'mg, coeSficedts oand  sotisSles

k
2 Re =\ 0L Re £ |
= ’

Figure 2.22 Example of a Gaussian mixture distribution p(x)a
in one dimension showing three Gaussians
(each scaled by a coefficient) in blue and

their sum in red.

Chapter 2 Probability Distributions
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pPLx)  Con be rewrite n +the Form

Re = PCE)

K
PCR) = 2 PR PLX (k)

=\

?r'\or Ffrobaubi \?‘Lf ¥ F“CH"?- +the

Icu‘ c,ow'Ponen-b

NCK( Mg, Ze) = PCLXkLE) probability oF %  conditined on

Chapter 2 Probability Distributions

k .

98



Consieer the Fosber{or PCLELXR) a.ka.  responsibilities

FeW¥) 1= PCkIx) = PCE. %> _  pk) PRI F)

PCR) 2, PR pLxiL)

Re NVCKR| Me, Z¢)

2y R NLRIM, 3,)

[Se—ee]
L
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Grouss ion mXxbure s ogovermed by R:=9 ... 7‘:'( ) M= AM - Med

MA 2 < { Z\J--- ZF\

One way o set Ehese Pmmeﬁ':e?s s T use MO MUM

likelthood .

N

c
fapCX I W, M T) = T Lo o g Re NCR, | M Zg)?

Moscimum l‘t\ﬁe\z Inom) So(u tion for -H\ e pamm-l;exs Nno long.er ‘f\as

o closed - Sorm  onalytical solution,

E % Pec_'[?at'\(OV\ wmax m 2ot on C clr\qy‘lzer a)
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2.6 Th exponential  Fowmil y

Brood class oF distributions  colled the  exponentials  Sowmily

Random vedtor %, parameters 7] (alled notuml  parometers )

/

Puk 1) = hew geny exp f\lTutw)} €2.19 ¢)

Here wWCK) s some function of W ond 9um) con  be ir\'ber‘fre'b&

os the normalization (weSficiest. e.

A L) S hex) expi M wem| 92 = | C2.1a8)
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Reall Fevrnoulli distribution

s &
PC}K[/A) = Be,r-r\(.'x-lf") — /"‘xc‘"/‘) x=o_\

= eXp{ X n p + L= LnCL-M)]

= G- exp i l_”_'ﬂ)x?

Com Po.riSon wikh C2.194)

- (5
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So‘ve 50" /A to %;\Ie

M= o0n):= logistic  sigmocd

Thus Berneulli  Jdistribution cwn be rewrited in Lhe Form

PCX 1) = o=C-9) expC)x)

we hawe wed 6°C-N)= |- ocn),  Compurison wikh C2.19¢)

nukx) = X
hexy = |
9y = G°C-1)
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Next consder +he multinemial  Jisbr bution

M 9 M
pex () = T M = exp { . *e Ra M

=l K=l

where %= CX,, ... X,)' (one~het vedor)

The stondand veFresen-l-;a:onn L) <o that

pekin) = exp( A x)

whee M= 0. ny) with npo= LaMe e

UL = %, hegy =1 gCm) = |

Chapter 2 Probability Distributions
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M

Since 2 Me =l

=\ -

M=\
i.e. Mu= 1= =M left M7V povmeeters

parameters e ore nob independnt

M=

04 Me =1 2 Me £ -2 Xe 2 Cl=ZMe)
g k3l
2 Xe aMe
So the multinomial  Jistribution be comes ,_3:_";;
M et 4
exp{ :/__:,‘i\cﬂn)"ht = QX\)"EXK%)A&:+ XMln/AMX
N\

M-{
On (1 - E‘ Me)

(1

eXp{ ;'_E‘ xgh( ‘_f::t )-t P.n(\—;'_:_‘ /‘4:)]

ke=(

Chapter 2 Probability Distributions 105



Now Echn‘b}-}y

ﬂ“( M )=°k

Vo2 M
and M = exp (n;) So¥E Moy
e = R .
I+ T. exp(N;) normalized exponential

In  bhis representution  multinomial  Jistr bution

M= ol
PCx [ N) = ( L+ 2 ex?(,qh)) ex|>(’))T7$<)
K=

M= Ny, 0. (M- dinensional )

-\,

Chapter 2 Probability Distributions 106



uCK) = K her) =\, gem) = ( | + Z exp (M)

/

F‘(nm(\y ~ consider the univariote
l
X ) = — T ex -
p et (x ¥ P {
l ex
— { -
(bx e 2 P {
a2 X
= (), (3] e
- \/).5"" X

>‘"\
K=(

Grousstan  distribution.

( 2
1o Lx=m) T

\ M
- X ~
2162 X ¥ st ).o*’-,A ‘
=2

= @Q®) am) = (- l’h) exp ( ; n,)
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2.¢ | M aximum like ¢ hood oy suSs ent statisti cS

Considerr  the exeenen'bio»l Somil y oF distributions

PealN) = hix) g ey exp{ A7 ULk |

Taking the qradient oF both sde  oF
aum | hew exp{ W uont 9% = |

w.r.t n) we have

/’

v qn) S hig) expPqd N uep b 4%

+ aum | hep expd NTUWOHY UWap dx =0

Chapter 2 Probability Distributions

over X

c.\ay)
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Using (2.145%) then

— Vgl = 20 | hty exp{ aTuce} wendr = ELUOKY]

We +therefore obtain 4he result

— V2% 23Uy = ECUW]

Now consider (d  omples ®noted by K= { % ... *Nt

Jor  which kel hood

N
PCKA1In) = _ﬂ htm)acn» Qxy{ n' Z W(.#n)‘

n Chapter 2 Probability Distributions n= 109



Setting the gradiest & Do PCK1In) wirt N +o 32ero,

We %.e‘{: the Sollow(n % condition to  be sotisfied by Mpr

N
= V830My) = & F ucs,)

n={

Note that MLE depends on dhe dobx  only dhrough = ui On)
colled  cuSficedt  stodictic o C2 (ay)

Do b need o store the entire dobon

€.9. Bernoull ucx) = X sum of { Xa|

Cousion  wen = x, X7 e F {Xl wd {4 X
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2.2  Contugate prier
For oo  given Prab. denS'rl:f pLxin), seek o prior )
that & conlugate to  the likelihood  Sunction.

( the postenor hos the  sowe functional Sorm  as  Lle Pr'(or)

For  exponentin) S'um‘d\/ C2.19%), 3 conjugate prior & )

Pt X, v) = FCALV) %cm)u exp 4 pq"'—”

where 5'(7‘,17) s o norwmolicbon ceefficiedt ond  FUM e

-Hne, SAm e ‘S‘Mﬂc t‘(OV\ .( ’\ChapEr'g ?“QQIPBV Distributions 111



The posterior
Pem | W, %X V)T pCYIM: pLalzx,p)

2 g™ e (£ wen s ) |

n=\
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2..3  Noinformative  priors

Tatend £ hove as [itte wfluene on  the Porl:eﬁov oS
Poss‘(b\e,

et rsiby  or  likeliheed is  given by P (7).
Consier  noninformotive  prior pLd

First, PP = (onstont

— IF the domnin oF 2 is unbounded, prir st be

mrvadized . Such ?rlo*‘ s colled iMPrOPBh

~ TronsSormation  behavior of Rnsiby under o  nonlinenr change

. Chapter 2 Probability Distributions 113
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Exam f\e, |

Density of X tmkes  the  Form

PLX M) = Sex —pm)

N\
)53 X —» X:i= X+tc  then

N\
PRI N = $R—M)

W\\e.re we, ka\,e AQ:S‘ inééapter %ar?bg,bili}um*tri@tions
114



Thus pXim) = PCRID)  so  ensity s indeperdot of  origin,

Prior distribation [should]| sotify 4hle tronslation invoriante  property,

e

= B-c B
) M = dn = M —-¢) d v
SA PG WM SA_C P <M SA P =< M

A.B
%o we  have PCp=-c) = Pm)

EX&Mple o‘S’ \ocu‘f(on pommeter‘- Mmean o‘S‘ o G‘auss‘(oxn
The conJugote PV"(or Sor M s agoun Craussion P(/M\/V\,’ ;)

od we obtrin  noninfor mative Prior bf taking 6. —b oo
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E)Ca.wu fle, P

Dea S'l‘lzy o5 p & tokes the form

petio) = = 5(&F) 6~>o0
G s known os sowle  parmeter 3. NlxXI M D
SC&—\Q’ ‘\(\VOJ"EGI\CQ |
JEy X —=» X:= & Hen

N

PRI = & 52



So  +ths  dransSornmotion Correspords  to o change & sowle.

Pr‘(or distrtbution shou (4 90“7'5‘7’ thic SCO»‘@ iInvor{ an 2 {Dr'o?er'ty.

= | Bre B ( | de 9
- - —_ ) — é
S pCT) o —5 c pCT) o S pC< )c. A B
So we, hawe, F(O") = P (CI; S ) 'LC o«\ hence, Fc—c ) oC al

Note +hot ‘bw(s s oN ™ PmPek Pr:( or because & 0oL 6L

o~ —b S
o 370 -0R 0o P(L‘s‘) = P(o") \%_ = constont
SEYI= Lo Yoz L Jo €L L
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Convenent 1o think oF Fr:cor- Sor sl PWQ“:&&- in  terms  of
the d?/\s'(‘by of the log o the porometer

Exowple s scle Pommeteri stondoard Rviation & o a Guowussian

NCLIM, &Y o€ o expd — (Xfe) |

where X:i= x-M

Moe  conventent o work  in dems & the  precision

N= \/<r" rother than o itcel¥ d7 = ;—46‘

3
s
N S
(o — Nn-= o ( s-
5 ) ‘ . |
w o Chapter E?robabll yDlstrﬁautlons \ \ OC /7\ 118




We hove seen the woniugate pror for A wes Gom (7] %o, by)

The non (nSormoctive, s obbtodined as the 5?30“0“\ e Ae=bo = O‘
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2.5 Non Paro.me'bﬁc. Methods
APProodnes +o :Ens'd'», Mdellnq.

Pwme‘bﬁc. V¢ Non Pm.we:bﬁc ( Sew ossun?ﬁons)

H?S‘L'og.mm method  Sor- densiby estinotion

Swgle  contimuous rordom voroble X Portition X o
distinct  bins 6F width 23 ond  Fhen  count  the number

Ny o obervobtions & X Slling in bin A

A.
—

{ | | 1 { |
\ \ \ L \ \
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We obtin onbab'«li‘bf values Sor

eoch bin

where AN & B of otol obserwtione. %o
the density puty & piecewse constodt  over the

of eoch bin ond o¥ten

’

Figure 2.24

the A

same  widbh O3 =

the

bing

An illustration of the histogram approach
to density estimation, in which a data set
of 50 data points is generated from the
distribution shown by the green curve.
Histogram density estimates, based on
(2.241), with a common bin width A are
shown for various values of A.

Chapter 2 Probability Distributions

given

Are  chosen

5

by

o~ mofe|l for

wiith &3

l'\O&VG

A = 0.04 '

+o

A =0.08 '

0 0.5 1
A =025 '
0 0.5 1

0 0.5 1
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Remark

- EBE55edt of o cholce 5 width A Csmoo-(:kin%, Pomoxme‘bet‘)

— AftRr  compting  histogram, the doban of o be  discarded.

—  Ugohul ‘oo | for o~ qu'(c\c v.(suo;l.(%vd:'con df =4 or 2~d dJotmn

— Lmitetion o high dJdimensional dotb v M bins in D—dim

/
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2.5.1 kemel density estimotor
Estimate  unknown  probability density pe#)  in D —dim spoce.
CmS'(dek Ssome small reg.ton R c.oc\'l:n}n‘m%. X .

Then the probobilily moss  associated  with  bhis R

P = {, Pwoix C4rue  prob.)

Suppose  we  okserved N otk st Jrown  Frow  pum,

Since  each pout hos o probability P of  falling within R

N—-K
B‘mC_K\N,P) = (,Al:) Ph Cl—P) K=o\, ... 7
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=) EC Y& ]

)
|

P ww[ W] = PCL-P/p

Yror lorge NV
K ~ AP

If +the regon R U Suﬁideﬂﬂf small  thot P&K) (s roughly

C,OV\S'(:vm'lI oVver R , -H\en
P~ pxy Vv E‘ Pt
V

where V&« the vo er 2 Proffability Dfstributions 124



Combining- these expresions we obtoin the density estirate
pLsdy = LS C2.244)

MY R =%

Remark ' two cmbu&c.‘l:bry assumptions on R oand K

We con exP(o it C2.24%6) in Two difSerent woys
— K rearsst  neighbour metiod C Fix k)
—  kernel dens by est mator ( fix V)

Chapter 2 Probability Distributions
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Kerne| methed in  detodl

Take the \'33-(01\ R +o be oo small kYFerc,uLe, centered on X

To wunt He number Kk o poibs Selling wibhin R, e

{ -
b(u) := .ﬁ \ Uil £ 5 r=\_...D
0 otherwise

kKwn s on  example of kemel Sunction (e, the quontidy
KCCR=%)/h) = | b #%n lies in o cube ofF swWe K centered
on X otherwse 0.

W AF
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The oo number of Po‘wfbs ly‘m%. in +he cube
N
- Z k w) ® \
A n={ ( h h’i 5‘/‘
Su‘ost}‘ha‘t}n%_ this QQPPC%‘wn into  C2.2446) ,
I DA T T 2
Pun-—/v nz-:\ 3 K(-—h—)

whee we have used V = kp, (emw\p\e of  kernel t‘e-t\f(‘ﬁy estimotor)
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We wn obtrin & smoobler density moede| (Grussian kermel)

N 2
l % — X%,
N Ny C2x h")oll P 2h

where h represents the stadard deviation oF Crwusion component
ond le/; the mle of « QMOUH\‘mg_ Pura.w\e:l:eh
Gfenemuy . we oo choose any other kKemel SFunction Kcurn)

sublect 4o
K(u) >0

S\ccut) dui = |
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Remark

— No computation wlved in the

— Com Pubmﬁono\\ cost Grows [inear! y

Figure 2.25

lllustration of the kernel density model
(2.250) applied to the same data set used
to demonstrate the histogram approach in
Figure 2.24. We see that h acts as a
smoothing parameter and that if it is set
too small (top panel), the result is a very
noisy density model, whereas if it is set
too large (bottom panel), then the bimodal
nature of the underlying distribution from
which the data is generated (shown by the
green curve) is washed out. The best den-
sity model is obtained for some intermedi-
ate value of A (middle panel).

trou nnoy Phouse

with  the

Jod. Size.

h =0.005

Chapter 2 Probability Distributions
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2.5.2 Nearest — neghbour wmetheds

K nearest  neighbours
For (ol dens"t'bf estimobion, Fix wlue oF K od wse Lhe

dotu. to Find  on ap propriate value Sor V.
Consider o theve centered on X ond  ollew the rodius

te qrow  until & contuing K Jdatx pownts. 1. the rodiu

s not  JetRrmined CSixed )

The wvolue oF K qoverns Hhe degree of  smoothing

Use (2.2¢¢) PCg) = ‘k with KNN  wmebod for  dencity

es +omotion Chapter 2 Probability Distributions 130



LANN  method con be externded to clasiFiwtion.

Awl\/ KNMN  to  eoch clos geparctely oand then make use
o) Bayers theorem

N . htal % of dabn et Net & oF ponts in Ce

K

e. 2 Ne =N
K=t

New Fc‘m‘t X (C5ocA ) Drow o s‘:here cenbered  on X
c_on‘bk‘m‘m%_ precisely € powbs  irrespective of their class

Thes Sf‘\?—‘f‘e kas the volume \V o contruns k;—; POEA'(:S Srom

the class Cg.
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CK% | Ce) = S
P NelV

>

S imi \0"")’ ) the.  unconditioned densi 'L7 s given b y

I S
ply) = N
oy class Prior PCle) = N‘C/A/ =S

Combining these equations o Using. B Okyers theorem

PUKICY PCCe) K
PLX) Tk

I
)DC c’tl‘la»p:g 2 Probability Diﬁ%a&ic!njs()

PCCe 1 %) =

\)

Al
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of wmisclassifiotion, assign X +o

KVK

To wminimize the Pmboubi l'a{:f

the clas having the lagest posterer  prebability
-n\e. Fo-\v'E(cu‘ar cose o‘S' K =| ‘(s call e,x} hQar'egt - ne(g}\bouh
K=1 K=3 K =31
2 ° 2 ° 2 °
ST e °3 o e °% o
o goo ..p". 8 ° o goo ..‘00 8 ° o goo ..'00, 8 ©°
1 . B O‘. <] 1 . ) 0'. o. 1 : o‘. o.
e oy -
0 e 0 S 0 XV
0 1 zg 2 0 1 zg 2 0 1 zs 2

Figure 2.28 Plot of 200 data points from the oil data set showing values of z¢ plotted against z7, where the
red, green, and blue points correspond to the ‘laminar’, ‘annular’, and ‘homogeneous’ classes, respectively. Also
shown are the classifications of the input space given by the K-nearest-neighbour algorithm for various values

of K.

W e s K= AN

hepren
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Remark

——

K  controls  +he degree <5 smoo'l:l\ing_
— KkNMAN  ond  kemel density methods  require the entire

dota. seb +o s-lpreq]
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