Chapter 6 Kermel method

We wonsidered  linear porometric medels  in which of
the form of  wmogping.  yugrw) s governed by W
6§ odaptive ( troinoble) porometers

Troning.  set & used ether to §id a pont estimate

of w or 1o determine o Pos'\:er'\or dictribution & w

There s o closs o ML in which +the T min'mq, Jota
ponts  ore kept o used during the  prediction phase
Ea. K-MN s Parzen probability dencity model



They require  o- metric Lo be defined Lot meosures

the swmilority o ony two vectors in input  spoce

L_tnear Po\\ra\me}tﬁc models con be wntten in oo dual

\‘QFre;en’taﬁon, In  the f‘OWV\, F\"ed‘(c't.‘o‘“s e mode using_

linear  combination 65  keme| functions, which are leu-

loted  using. the trounng dod points

The works well when 4he wmodel uses o Fixed non-

lineor Ma\|>|>‘m<g. to trnsiorm  He inPut dotaa o a



fecture  spoce
Kt %) = Bop) Pk’

The swmplest kernel function comes From ucing the

'\qlen‘ti‘ty ma?ﬁr\%. Sor He Feoture tronsformotion D)= %
Tn Hie e,
KOk, &) = %" %/

This colled the lineor kernel



kernel tnck C kemel  substitution )

When on  algorithm uses input  vecTors on\y through dot

Pméuﬁts , YQF\o\c.e the dot Frocluc.‘t with o  kerne)

Sunction +o moke "t work in a nonhinear £esture

SpoLe



Dual ve Freser\'l:acbion

Consider o lineowr re%ression mode|  with regu\wi%etl

SSE  error function qiven by
N
Ty = 2 Z AW BU) —taf + 2 wiw  (62)

where 7 20,

et  V, Jewn = ©. Then we see that the solution $or
W/ tokes the Sorm & oo linear combinotion ofF the

vectors P Ckn) with coef§icients +Hhat e Sunction oF w

‘ﬁ w' & ) - s B
W= g Aw )=l Bl) = L A= Do (63

MXAN



where @ © He design motrx  ow o@—_c_o\“'_,,ouN)T with

h—

On = —5‘\'{ wi"i%)-—‘t‘nf
we will reformulate  bhe leost squowes  olgorithm  in
terms o the Fammeter‘ vector » which  leads  to

o Juol V‘QF“QC%WEOV\ &5 the a‘%nr\':hm
Sbhstihite w =% o  inbo Jow)  (62)

- \
Te) 2+ NPT BEa - I35 4 + st E+ ZAD P

Whem 'H'— = ,’tz' ¢ tN>T



Now we deSine +e g Yom Moty ko = -DBT which ig

an  NxN  symmetric mokrix with <lements

Knn = B 0k) Bed) = K (b, )

Tn tems o the grom matriv, SSE error cn be  written
as
Ty = tA KKon ~o ke +2488 t 2N kKo

Using (63 o elmnade w  $rom (64 ond coluing

for o we obtoun

a= (k+2T,) &



For linear regresion wmodel, we obtmin the Sollowng.

Prgdkc'\:ion for oo nNew n put A »

— __\
Jory= WTEW) = TP e = ko) (K+AL) £  (69)

where kR with knCd) = K (%n %) = B0f) 3
for nz= 1,2 N

The dual Sormulotion oglows the colution 4o  the least
square  problem 4o be  expressed by Kl %)

Thus we see Hot the Jormulation allows the solution

to the lenst squore Fr-o\o\em o be evaee;e:\ QV\‘EWE|7 N



terme  oF the kernel  Sunchion KOk, 27 (duwod formulation )

& o be written as o lineor ombinotion o the feoture

vecbor @), So we mn vecover the orejnal paroweter

vecbr W



Remork

— To determine W . we need DCIV\.;) colculoions

— TIn e duol Sormulotion, to determine B, we neet OLA’)
— The dual Sormulotion uses eonly +the kernel JSuncbion,
ie. we do not need o compute the <Seoture vecto~
Fow dJdirectly
— We cn work in hgh Cewen infinte) dimensional space

without extrn cost (!l through +the kemel )



212 bosis function EyH
T
[ Fix o boets Sunction P x)y= (%W, ¢‘ Ck) ... ¢M-\ C#))
). Model YCK) = W B0  with weight vectr W
3. F'\m]'\!\g_ W/ W‘.\“‘(""‘\i‘.\“%. the cost -func_'t‘l om  below
) 5 T > AT
Jww) = 3 Z AW B —tal + 3 W W

where N 20



kernel  +trick (Cdual r'e?resen-\:a—\:ion)
|. Fix & kernel Function kg, %)
D . Model YC)R) = k()Y o  where kKoy= (k,W00, KO ...KNC"))T
oand K\Wr)= KK, ®K)
3. Fiding &  minemzing  the cost  function below
Tta) = tA KK ~ovN kKt +1484 t2X kKo

where Knm = KC¥a,%¥m), A Z0



6.2 COﬂS“ch‘E(V\% kernels
Tn order 4o use kernel substitution, we need 4o construct

vald  kermel  Sunctiong.

One appreach i« 4o choose oo Secture space mopping
) ond ten use ths b §id  tEhe correspording kernel
M
o, = RO Do = Z Bom) B UK)

where B0 ore  boss Funchions.
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Figure 6.1 lllustration of the construction of kernel functions starting from a corresponding set of basis func-
tions. In each column the lower plot shows the kernel function k(z, z") defined by (6.10) plotted as a function of
x, where z’ is given by the red cross (<), while the upper plot shows the corresponding basis functions given by
polynomials (left column), ‘Gaussians’ (centre column), and logistic sigmoids (right column).



Alternative Q.PP\roac}\ e« o buld  kermel function d'\reclzly

wibhout  thinking. about the Sexdure  moapping. )
However, to be a vald kemel the Funchon must sostis-
5y cerfon conditione : Tt should correspord o a det
product  in some Seoture gspoce ( even wnfFinte dimengional )
Mothemotically, this means the Fkermel mobrix Kk  where

Kam = Ko, %m) must  be

— Symmetic  kam = Kwmn

— Poctive sem — definite



Cg. (onsider the kemel Sunction agiven b)r

2
KOx2y := (%' 2)

In se & D=2, we o expord out +the +erms and

ientify the corresponding. nonlinear  feodure  mapping
KCf=2) = (£ 2) = (X3 '%1;%)2
= X224 LARND, + 3G %
= 08RG %) (2, e, R)

- W D

Fesbure mappig  Dowy= (X7, iX,X,, x2)'



HQY‘Q are He mauin ?mFer'E(eS -l:hat’ odlow c,ombmm%_ g{m,;]er-

kerrels

to bulld more Pouerful one :

Techniques for Constructing New Kernels.

Given valid kernels &, (x,x’) and k2(x,x’), the following new kernels will also

be valid:
k(x,x") cky (x,x") (6.13)
Box) = fkox)f(x) (6.14)
k(x,x") = q(ki(x,x)) (6.15)
k(x,x") = exp(ki(x,x)) (6.16)
k(x,x") = ki(x,x")+ ka(x,x") (6.17)
k(x,x") = ki(x,x")ks(x,x") (6.18)
k(x,x") = ks(¢p(x),0(x)) (6.19)
k(x,x) = xTAx (6.20)
k(x,x') = ko(Xa,X}) + kp(xp,%p) (6.21)
k(x,x") ka(Xa, Xy, )kb(Xp, X}) (6.22)

where ¢ > 0is a constant, f(-) is any function, ¢(-) is a polynomial with nonneg-
ative coefficients, ¢(x) is a function from x to R™, ks(-,-) is a valid kernel in
RM Aisa symmetric positive semidefinite matrix, x, and x; are variables (not
necessarily disjoint) with x = (x,,X3), and k, and k;, are valid kernel functions
over their respective spaces.




Polyromial  kemel ( example)
2
KLk, %)= (%)

includes only terme  oF :‘eq.ree 2.



B we oN o constant  before squaning. like

Koy = LR+ ) where ¢ >0
then  the Feature ¢pore becomes  richer.
Thie  kernel includes o constort Chias), linear tems (X, X,)
ond degree 2 terms (XX e X)
LUK Ky = (XX 0, 40) = (XD + 2 x W/ 0y £ CuXy)
k=5 Facx + 2enxX + O

= B B )

PUw = (I X, Vi %, X, 3xn | G, o)



In gereral,
T I'M
kogxy= (R 47
aives o festure space  with all  monomials  up to

degree M



One  commonly used kernel ¢ He Goussian kemel
co.koa RBF kemel )

, (g — 2 IV
KCK %) = exp (_ 26 )

Thic kerme|l measures how close two wvectoe % o %’

ofre

kg x> s coe o | F K ond % ore  similar
kot k> i cdose b0 0 i K oned ¥ are far  aport
Although it looks like o Crousion probabilty dencity, here

t & not used oas  a  probability



RBY kernel s oo vald kemel

U=~ = Kx + )L - 26 %

’ xR ¥’ VK
KCg, %)= exp (- mz) &?(ﬂaf) exf("@:et)

Beawtse oF (61%) ad (6.16)  together with the valdity

of the linear kernel k(g ¥’y = %' %



Remark
- The CGrowssian kemel corrsspords to  on  infinite - Jdimencional

feoture mapping. SO ( exercse 6.11)

— The Cowussian kerel ¢ not restncbed o the wse &
Cudidean d(g‘\:omce S_.Q.. )5(T ﬂ, con be V‘EF\D\.CE“ with
ony  nonlinear kemel K, %)

ki) = expd-om (B + BEOA) - 2% x4 |



One  useful way to  buil kerrel ic by using a
probabilstic gererodive  model

Suppose we havwe a gererative wmodel  PLr). Then we
con defme o kemel o

ko %') = PURPLE’

Thic &€ o vold becuwse 1+ oon be written oe on  immer
product :

e #y= PO BO)  where B 4)= PCK)



Note +tht it & o very simpe Seobure wopping , where

each input K s Just Mappevd to o scolar  velue pory.

In proctice, more odvances versions use likelihood  Sunction
or posteror dictnbuytions o Fextures

T says Hokt g ad ¥ ore cimilar T8 they both
hove high  proboebilities



Example : kermel from o CGrowssian Mixtue Medel

k

Assume PLA) = E-___‘ e N K Mg, )

plz=k) PCX|12=F)

ond  estimodes e, Mk, T for k=1(,2,.. K
Tor eaxch %, coleulake the postenor  responsibility

Re MLX | Mg, T¢)

= PLR=k | X)) = 7
Pplr) = P g\ T NCRL ML L T,)

DeSine.  BUry:= (B0, BUR, B B o

COx, %y = By & (%)



This kerre]l measures the SiMi \ar(‘l:7' between +Ewo vectore
based on  how "egFO'\S“\D‘e each  Craussion comrone,vrls is

for  generoting Lthem



Kemels S$rom mixture models with et varieble

We can bulld more Slexible kernels on SumMming.  over

multiple  components in a  prowbilistc  mxure mciel
|. Discrete cnse
Suppose  we  love

— lateit varable  ie {1,2,.. k}

— Pprob. distribution for each component PCX | %)

— Pprior over components  pCi)

K 4 °
The kermel kg #/>= Z POKIA) PLX1)PLa)

k=l



Remork

— This kerel is lame when % and %' both hove high
likelihood  umer the same components

— Tt veflects how similorly Ehe model explouns  the
two  inpuls

-~ The loatent varioble x cwn be seen as oo lotedt

vorioble (€.%., cluster index in & mixture mode| )



> . Continuous case
¥ +the latent variobe 2 1 continuous  we replace
the cum with own inte%m\

ke = § pugia) por’ia) pedd J%

where Z i« oo continubus |stent Variable



Ancther exomple o o kemel fundion s He sigmodal
kernel
ek, %'y= tonh Ca % ¢’ + b)
Re mork
— This Hfunction looks like +the activation Sunction \n
neural network
— This  kerrel (s not adways  vald
Cits qrom wmotre e not  guarantesd +o be positie

semideSintte  for ol o, b o dabx st )



Support  vector mochine

Two closs  classification problem

Linearly separable oo set % &R , t= -1 or
There are  infinitely many decision  boundartes,  What s

the best decision boundo«'y 2




SV M W% +b)

. T drotc
mn w qados '
o W obiective
. V linQawv
st. s Cw %, + b)) 2 | Azl N constraints

This s oo quadretic OF'H“"“?“-I:IO“ Pmbl oM.

Te one mebthod +hot  moximizes +he dictance  +to Lthe

closest  dota.  points  from  both  closes

Mot mal MOwraNn



Decision boundary

YO = W'k + b i a hyperFlain

W

Yer) = Wz + b

W de‘zem\s on ¥
K= X%p ¥ Y Wil /
-
VOO = WK+ b = W tbt T = riw

Defme oo Function r - IP\P —» R oS

reg) = Y OK) signed  distance  ofF % from the

w7\
decision surface



Margin : The smollest distance  betueen the decswon

boundou‘y ond ony dotw  points

yx)=wix+b=0

N A
A
W.b 2% o
2E \ ' |
\ , | YO8 : | W/ £+ b
_ MmN = — M - M
W, b) wep | el AeD Nl Wl #eD Wl
Remark @ tw, b) s scale invariont. 1Le.,

YCaw, kb) = & (w,b) Y £ ©



SVM . moximize  moraun

.
MOX  FCw,b) = MoX min 1 W A+ bl
W. b ' W, b %eD R

yx)=wlix+hb=0

\ A

We need  constrmints

t,CwoH;, ¥ b) 20 Vi=,>

T.e., wox morgin  classifier  with constrounts

' ® o o



MOX  ¢cw, b) = MOX min
W W.b %eD I w il
T Y -
s.t. t;Cw %, +b) 20 i=1,2,... N
y(x)=rsz+b=o
A
\ X X .
A A A
O [] A
O m O

Quite complicated.  Need +o  simplify the  problem



. Wil does not depend on X

-
= MOX min | W A+ b\ — MOX _‘ min \ VV/T#‘!' bl
W,b weD P w il wW.b IIWI | %ep
2. Ffwb) t© sale invaront
= s0 we cn ol & constrnt

mn ‘w/T)g( +bl = |
xe D

L ’

3. Mox con  be reFlacet\ by  ‘min

MO ‘ — Mo | W/ l\l
Wb NIWI W, b



M ax OrRin clossifier

mn

Lywit
wW.b % 7

s.t. bx (W g +b) 20 A= ... N

I\

M| W g+ b

\

We need +to SEMP"(‘?)' the conctrants




Max

1
W.b %

W\O\r‘%_i N

min Loyt

constrounts

w, b AT

clossifier

S.t.

ta (W/T)ﬂ;\ +b) 2

I\

m}':n \ W/T)K;\ + b |

Ea (W % +b)



AS'i\AMQ Wise , b* '\c, -\:\ne OF‘EIVW\\ So\u‘tion O&na

MO kR (WhoKs Fhe) = x> )
Let W = “l.’{ Wi ad B =2 by Then (W, D) s
a Sensible solution e EalWwTs, +b) 21 V3 =\. ... N
and DW= o liw,ll < I Wyl

Tt contmiicts with the ossumption that s Wi optival

= Optimal  solution must  hawe ta Q\A//T»’(;+b)=\ Sor some )



SVM

\ \ T QMdm-t;C.
[ L )
min S wwy obisctive
T v linQavr
st s (w %, + b)) 2 | Aa=l L NV constrounts

Convex  problem

Support  vector

— £ C W R, b)) =\

.. margin

o,
0
.
o,
o,
| | o,
0
D )
.
.ﬁ
.
e .
e
., O
. .

. ..'..' /
margin ™.

— les in the middle o5 the reg on se?arocﬁng. Jdocbn Fo\ﬁts

Decision boundar y



suppor‘t vector  machine
Over\mFFinq, closses

— Non — |inear|y seFarable

— Soft const m&rﬂ:s

— Soft mowgin



Whieh one @ better ?

® = < %
¢ * % % X %, %
* ® | 7
X ¥ X X
K K
¥ looks OK. Tron €mo © 2ero.
But tran error But  over- §itted
i« nat =evo

tx Wiy +b) 71V



SVM

st

st

min L 1 wil”

w2

t(w' % + b) 2 | N
J

min 1 * .

B (Wi + b)) > | =

- 2 0O

A



Slack vanable $

— Dota poits ore allowed +to be on  ‘wrong sie '
0§ the wmorgin  boundary but  with o penalty that
(nCcreoges with +he distance  Srom thot boundowr b

@()QTQUC’) or A

N |
min -'i\|wxn‘+ c-2 \. é’
W, § A= f KL, )

st . Tty (.W/TX(;. + b)) 2 | - %

- 20



3= 0 ¢ corvectly classified

0< 35 421 ¢ inside the margin
it on the coedt sie

3 71 0 on the wrong ske of  the

AQC‘( é\oﬂ bou ndoxv‘y

\ A N
min  ywil + C- X\
W, § A=A *
ot talwig +b) 2 | -\
v- 20

A




3§ C % large, thn § — O
SVM  tries to classify ol tmining
dato.  correctly

Overfitting o weak regularizoetion

. p X N
min Z ywlil + ¢ X\
W, § A4
ot  talwig 4 b) 2 | -\
VLZ\ . N

- 2 0



Over\ op P\( V\%_

classes © Hinge logs

. p Y N
min  pwi + X\
w, § A= E
ct.  talwig +b) 2 | -\
V.
M
- 2 0
Y C&5)
—
= 120 oand [ 2 L= tilwix +b)

max (0, | — Lt YO



\II/

min

W,

st. 3.

where

min
W, §

min
W, §

$

A

| 2 N
3 Wwil + C'Z_ \.
A

(]

L
>1
,L)
<

= mox (0, 1= £; YU%))

, ® oo

y(k) = Wigt b

N
I 2
s Iwil + C%;‘ mox (0, 1= ;5 YU%D)

N
> mox (0, 1=t YOkp) + oz IWI

A

where  Y(k) = Wi+ b



SVM =

min
W, ¢

where

Linear

N
2 mox (0,

ASA

Y(#A) =

classifier with Hinge
- £ YORD) + — “W/“
w' ¥, + b

loss




Kemel SV M




ethod ( kemel trck

oz, 4% 2oy

CH% w 2%)

or  technque )

non — HnearH:y 2

Y o

=



non — linearity £ Z= CrE Bb4Yl?
- Seoture  tronsformation or basis  Sunction
z P Cx)

Loput  space Fecture spoce

K, #s ... % Doky, Bok) . P W)



kernel methed

L8 ( key idem)
~ IF on ad%m-lykw\ 0'\\7 uses dot Pr'm‘udfs o ved;Ot'S;

then we cn  replace the dot Fro:\ud: with o kemel

Sunction

' A"
> kW ¥

Do) B
QAFT L A AT X

How to construet & vald kernmel Sunction ?



Crenerolizey  linear  regression

Lineawr mode] : YU = W'k + b

Bosis function  method

I. Fix o boets Sunclion P x)y= (0, ¢ LR, . D L#))T

2. Model YCR) = W B8 with welght vedor W

3. Fiding W minmizing  the cost  function below
Jw) = %_ Z_ W an)—-tn?z-i- 17‘_ YYARYY,

where N 20,

4. TaSerence - yU%) = w' LK)



Set

where

Jow) = ;—,(@VV/-—H;)T(@W-—&) + 2 w'w

Vo JCWD) = O Then we see

N 1 NXI|

n={
MXA/

®

—

On = —"‘-;;{Wl..r’i()ﬂn)"tn}'

s He design moktrx omd a=Cr, ..

4

-
&N)

wit



Shstibite w =3 o into  Jow) (6.2)

- \
Teo) = -;—_ NPT A - 504 + stE+TZ2AD P

Whem '“'— = (. ,’t)_' e - tN)T

po’= ("W ) /1| |
—-Q:Dﬂ;)— k) BOR) - P L% NN

\—ié&T—/ \ l | |

(@ §ET>;{J = @C&S 6 (x%,) \g re?lace ‘( NRXN




kernel  +trick (Cdual rePreSeJ\-\:a-\:ion)
|. Fix o kernel Function kg, %)
D). Model  yex) = ko whee KGOy = (KW, KW K, @S
ond  Klp)= KK, K)
3. Fiding &  minemzing  the cost  function below

Jloy) = laA" Kk ~oV Kkt +1484 t2X ko
where Knm = Ko, ¥m), A Z°

N
4. Tnference \/C;;) = k()Y & = 2 X KCXL;\,Q)

A=t



Keme| support
Primol  problem

m?n 1 w/':'
. 2_ll |

vector

st.

mach(ne

t;\(_ W/Tﬂ; +b) 2 |

T

K H



Primal problem vs Dual  problem

Pr" \V\D\\ Prob‘em . Dri %_i N D\,\ Ob\:le dl:i ve -f un C-t‘ﬁon

Minm2e oblective function

Dual problem :  lower bound

moximize lower  bound



Primol  problem ( hord  worgin )

min -‘i I WI[\’- st t/lc w' % +b) > | v}l:—\,,. N

w. b ” =

Construct La%komqio\n
To lodle +the nequality, introduce  Lagrongion multipliers
ol 20  ond Sorm the LW'(W\ .

1 * ~ T
w2y = 5 Nwit — 2 o (£:(W % +b) -1)

=t

l p R
L < lwll
“ o= (R, . %)



Derive the dual
To Ob“:&:n the duel , WwWe MmNl M‘l%e the Lougrmng.wm w.r.t.

W ond b, o wmoximize wrt ok, Te.

N
-ij?—:@ —> \M:Z o(."‘:-)‘(.

e

oW K = I
9~ _ o B N
éb "’> Z D(;’I:; —_ O

Substitute these bock into  the  Lograngion



E\.(M‘H\OCL‘M%. W ad b Stom Lw.,b,%) uslv\q_ Lthese

conditions . Then the ogives the dual representtion

~ N \
k)= 3 oy = 5 2 ook taty . #;

=

St. X320 A\ LN P oLt = O

, i



Dual

roblem
imi2ation p
OF‘I:( m

°
- ”(
A ..l [

% tkt

: § o(~DL X
x. pr— o

Z N 2 \l J
x

Mo

i=|

-+
z o
A=\ LN

.20

D('\

st.



kernel trick (( kKemel SVM)
W the data i« not  linearly separable, we  map  the

input  dedte b o~ k(%,ker — Jimensional Spoce ug‘mcg. o
bosis  Sunctton  ©C) or we replace +the dJdob prodwet

%  with o kernel ke, %), Le.

N \
mox 2 &, — 3 % ok; 0k Eaty KOEL %K)
oY A=\ A

N
St X320 iz, . N S ot = O



Prediction function
Once the oF‘ElMa-\ Az ore Sound , the éedgion ‘S'ur\d:'(on

for o new input K s

N
Lep) = 2 i ta KOER %) + b

A=l

where b & o~ bias



SVM: Owerlopping, classes (rewll)
N

min L oyw + C- . rimal  problem
w,t * %;. y primed P
ot.  talwigm +b) 2 | -\
Yizt, . N
- 2 0

Here C >0 (ontrols the +trode— off bebtween the <lack
Voriobe penalty and the  wougin



To Ob“;&:n the duel , WwWe MmNl M‘l%e the Lodgru\ng.wm w.r.t.

W ond b, ond moximize wnrt. ok, ad m

y Mo-X
N >4 M)

where ACW, b, 3, o, M)
N

N N
nwil & C T 3. - ‘é‘ oG (B Yard =) +) - T MY

-
- 3 oy =

A-

{4 20F ond  Mi20] ore logrange wmultipliers,

Dl;k\:l Y(X(;) ~ | +§x>



We optimize ot w, b ond 33;]

Od— _ N

Od= o N

A=

> &

éx;\: O = X5 = C"/V\;
Ustng. these results to  elminate w, b and {1
Srom  the Llogromgioan, we obtain the dual Legronaion

N
do (%) = Z.O(A -l .ZD(RDLJ t"“: *lT L$



We note that oG ZO  ond X; = C— M;

Since Mz 20 we  have Xx & C

Theefoe we lhove +o minimize L OB wrt  { %]
subject  to



Kernel SVM: Ovwerlapping classes

N \
o k= A

N
st 0 %i & C =\, .. N 2 Gt =



