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Def A  Guoussian  process s o collection  of  rondom
vartables ony Sincte number of which have a. Jgoint
Croussian  distribution [ RW]

X o any  seb Cindex)

A rordom  proeess X)) is oGP indexed by X

& Ser any  {f,. tal © X, & rondom  veder Jormed
by KCt), .. X(tn) (s Jo‘mtly Craussian Cor  (XCE).. XCtaD) "

s  a wmulbivariate  Gaussion )



S Fe.d Ficotion o¥ Crp
G P con be SFeCJt'f"ced by
- mean function ML X — R st M) = ECXR)]

— covaranee  Sunction ki A xX — R ot

KGhes)= cov LX®), ACS) ] rka  kermel Suncbion

The  kernel  Sunction ¢ required only o  be  Symmetne  and
psitve  definite.

Xt) ~ GP L A | Ket,s)) t,s & X



Exomple D- dwm  mulbivarote Goussion  distribution s a

GP \ndexed by ‘ l, 2, -- D}

See PRML  section 2.3.2

Exowple X = £ X where x= A#CX|l 0,1) oand +telR

Then > 4G ) s o GP  indexed by R

b XTRD, XCED
MCE) = ECX®Y) = ¢ ELx] = © s "

Cbes) = oV XW) XI= EL 4x-sx] = 4s ECx*] = £



Dy A stechastic process | AW, t20] s saud o be
Crowwiom)

-  Brounon motion (Wiener proces) if 21:

- X@)=o (Xptw | we2)

— ‘ Xtt) t20] o S‘l:ocbiov\o\r7 ond _{:E WW‘M
independit  jncrements B T I ‘. 'oo

— For t >0 X (k) \s r\orMa.“y distbuted with mean © o

7’

Vorionce £

= With Frobabi\i-bf l t — X&) s  continuous

/



For  t €t & 0 Lbn,  domt  nsty  XUE), ., X (bn)
Xt , XG)=- X)), .., X(w) = XCa) are  independent  and

X)) - X)) ~ N Lo, te—te)

9. Broumon wmotion { B, t20f s oo GrP inkxed by R

Cach of B ... Blty) con  be expresed as o linear

ombination o indeperdent normal rv  Bth), B.) - Bby) .- Bcta) — Bltpq)



Groussion Processec Sor Petares} on ( CrPR)

A otrtiong

_X ¢ \n\h}( S@LJ o'S' CTP
2 collection oF romdom variobles (ingdexet by X

20 ~ G PCLMLE) , B %)) % % e X



For ouny simte st X, L, .. X € 7(,

(Q—UK\), %CXn))T = AN C./‘Mn, K )

shere M= (pOR), pUG) o M &)1 ko= kKR %)
— cov [ 7Cx) , 2 (%))

nkx sebt & &GP = Jomain st Lunction

GPR ¢ nponparametric  Bayeson regresion  method  using
the properties  oF CrP



Croussion

Groz|l ¢ estimobe  an nosy
observotions {t .. tal oF & ot powbs 4 %K. K
with  emor  bore  (U.Q)

Teo i GrP RSning. o  dutribuation  over Sunctions o
WWSerence.  taking  place  diredly in the spase of Functions
We dJispense.  with  the porometiic  mode and  insteod

JeTine

Processes  Sor

prior  Jistrcbution

over Junctions

wibh

Jirectly,



Linmr  regression revisibed

Tradning.  dobae  set D= (%, tn) ey ... N

i D=dim input  vector t . towget value

YOF) \D\retllc.‘t‘(on velve ot X

Pv‘cwl'tc.t“ ve, Sstribution
CZ‘OQ.I ‘ 'g‘('\é P (.'(7* l X(*, 7;(, “b) ot some new {,\Pdt )g*

Fix  basis  functions &, .. Pua or  feature wap B 0x)

Linear mod|

YO, w) = W' (¥ weght  vedtor wr e R



Mode]  orssumption

t ~Netl YWERwW), g7
prior over W
PLWI®R) = N(w | @, "'L)
Fos-l:er-tor- ovRr W
PLw | ) = VLW | My, S )
M,y = (3 Sy @T—Hr

So' = xL + 63D

pred sLon

p >o



Exomple

let W ~ Nw[e®, x"T) be as

o.

For n=1,2, .« A let  YaiZ YUk w) = W' $Ck)

/

con be ccen o |—=dim  roadom  vorable
Letb Yi= C_Y, ... )’N)T Then
MR M
Y= &w
MXI|
s the N = Jim Yondom  vector where

C. |“4}m

pnor.

Then A

Craussian )



® s colled Jdesign  modbrix so that

P %) g, L&) ¢M_*C,K<‘) §c"t)T \
= (Rw AW Frea 6 | = | T
@ L) : Bag LH0) B L) /
‘nee Y & a lwear combination of wr  ( Craussian  Jist.)

Yy s N=dwm  Gousion, LY s debermined by the first

ond  the sewod wmoments)

ECY = EC @ w] = 9 ECW] = ©

v lYl = ECYVY'] = § ECww'] ' =
as




where K & bthe gram  modrix

.
K = KC#n %) = -}-—.C S Uin) B (Am)

nm

ond K, &) ¢ +the  kemel fundtion



In geeml, CGP s <eSined ac o  probability distribution
over functions very st Lhe sett of wvolues & yez)
evouluaclzed ot an GrbH:Y‘ary cet R v %n Join‘b' 7 have a

Grauss ian Distribution.



A key pownt obout Groussion Processes s +that  the

Jowt  distrHbution over N Variobles Yo ... Yoy s specified
completly by the second —ordy-  stodistics

(>
Since we have nob ony knowledqe obout Lthe wmean ofF

VW), we toke it o be a2ero. This & eguiwlent

o cheo sing. the mean vector of prior PW i ) to be @
@
The ¢ peciTiwdion of GP s then cowmp leted b y g.iv'( ney-

the covuﬁence of )’ C¥) evaluated o ony two vaelues

oF % with kemel ELYWR), Y] = KC#a, %pm) .



Sketch o &G PR

let $FWO (YR ) be a

& MO GpP index ed by

tts  domain Spoce. K
I e y () - ROk, KD e B LH, %) T
( i ) ~ N ( o, :
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A ssume t = Y+ €  with Eeoe~ ACo, )

( Ja ) ~ N(e, K+ ¢L,)

-!7&
( ) ~ N, K0 L)

Since PLE, &) s Gousen so & pLet ¥ )

P 4) = &V (| mes?) , 5 L))



GPR  n detul
We shall concider Hhe noise eon  the obsernved tougel vadue

Ascump’bion ' Grasissian noisy rol

trn = Yn 15 n= 1,2, .. N

where €n Sdlowved 200 wmeon Croussian  wibh precsion
So Sor on N-dim vecbor y:i= (Y, .. Yu) , the probabiliby

.
distribution ever & := Cbi, .. tu) can be expresed o5

PLELIY)Y = ~ (R Y, ¢ I,)



where Ly & the N Ay dentity  mobriv,

A

From Ehe JkSinttion oy CP, C prier dist, over V)

PY) = A4 (Y| ©, k) A ~dim  Crowssion

The kerme| Sunclion defemining.  the gram  wmobrix K s

-l;y P G;.“)l chesen o express  the pro perty  bhod

Xn ~ K = Y#a) od  Ylsm) ove  shrongly corre labed



One w\ub‘f uses kernel Sunction  Sor GPR s glen
by

CCtn, o) 1= Bo expq — ot I fn ~ ™ | + 6 + O, %7 %4

Now we  consider the Jistri bution over 4+ 97 PRML

secbion  2.3.3 ( linewr Croussion mokl), we  obtadn

plé) = S PLBIY) PYIdY =W~V (¢ | O, C) L6.61)

where € = k4 B Iy with  CCBusw)= KECZn, %,) + € Spa



Using.  Croussion  process  viewpoint, we  shall  build o mode

oF bthe Joint  probability  Jistribution over sebs o ddm

Fo‘m‘l:s.

CGrool :  Griven tradning. dedm  powits,  make prediction  <f
target  welue 5or new  inpubt

X% T some new  \n ?u'\:/ £ 0 s target  value

(X,’H:) set of -l:lr'w‘ming, dotoe

Find +he predicie  Jisbribution petFle) = potFl or, K, +)



Leb #* = (b, .. &, -E*)T (W41 = dim  rondom vyector)

To find pCE* |l ), we FSirst consider pob¥). From C6.61),

PLE) = NCtF| 0, €¢*) N4l = Jim

CGrouss! an

The covanance Mot 5 C* con be Jecwom posed as

AIAN
C k

@_* pd ( ) (V) X (A1)
k' C

where | 1 the N ~dim vector wkose, n“‘ element

s ECHkn, (%) ond < = KO, x*) + a7t



Sinee the conditional Croussian  Jistribution (¢ agadn
o Croussion |, FH:* [ 8) s Graussian, 4* = ( +
o)

From L281) oawnd (2.82), NAV dim
Pl &) = At mex®) otox®y)

h -\
where mex®) = k' C 4 ) srerding. on  #*
n

5 &*) = ¢ — KT ¢ K



The exfedboiion of- Pve:\lc.“l:ive Jdistr bution con be written asg

N
me®) = 3 On K Wk, &)

=\

where On s Jhe n*  component g C't

Remark .

—  Computztional costs sf CGPR: dthe wvertion oF Axay
motric  requires on?) once,  For eoch new poirt,

GPR has the cost O CNY) From e wrobree  multh PRCO\‘HO"’



GrPR in the reod word  C leomning.  for hYPerParaMeberr)

Hy perporometer 0= 4 6., 8, &, & | oy f3

Log  likelihood  Sunchion

~1
In PLELE) = —LonlCl - £ 7 C + - 2n02m
S \  3C ( 1,1 39C ~
Q&ﬁhpwlm = 300 35) +3¢C 5 € ¢

Crenerally aPCBEIB) & not  convex



Tensor§low Probabi \1‘(:7

Ex Ponen‘bi asbed Quadratic

2
Il Zn — ZHwmll >

E Cn, #) 1= 8o @xp ( ’
-2 o,

O © amplibude
G - legth sale

\ . : '
/(; . observotion No(se varionCe

1y
KCHn, K) i= B exp{ = I tn ~ %™ | + 62 + Oy % %



