C»\“P’be?‘ 3 Linear Mokls S~ Regression
Regression  ( supervised  learning)
X :  D- Jimencional in put vector

t ° continueous torept vours obe

Linear \'exgress‘mn model © |inear Sunctions oF  adiustmble parmmeters
Linear combinations & a Fixed set of nonlinear JSunctions oF
\W\ Pu“'i VN‘i &bles , knowr\ as bas\\g fqnc‘t EOV\ i . @-_

S 3
YOX, W)= Wo + WX 4+ WX + WX

. )
whose basis s 1, X, X, X“(.
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3.\ Linear Basis Function Modelc

Linear combinations & $ixed nonlinear Sfunctions o input %

M-
Yo% W) = Wo 4+ P Wi #0K)

=\

where @.tp) ore  known as  basis  functions, Wo ollows Jor
any Swed  oFfcet ) colled bias .

Se & s convenient +to  define an  oaditional dummy

' basts :S'\;mc,'t'(or'\| P, K = | o that

M-\
Yor,w) = S Wi g.ur) = W PoK)
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T
where W= (Wo, .. wyy) ond B= (s, ... Bus)

=\
L\ View Gf' PY‘e-— Pmces.ﬁn?. or {,e_a:b.we eﬂtmdt} on | the

feature can be expresed os ) g,

Bosis  functions

In Chapter |. there & oo swgle nput X ond  the  bosis
Sunctions  tmke  the  Sorm  of  powers of X ( A= x')

One limitotion & polynomial bosis ©  global  Sunchions
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Guoussioan  bosis  funchlone

CX-/“‘.;)I_
@) = exp{—f T ?

where M govem the lowdtions o +he bosic  functions (n
input spoce  and S gowerns their spotial sanle.

Sigmoida|  bosis  Functions

gow = o (222)

|
where & s bhe loguste  sigmotd L= Tk expl-a
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Equiva\\enﬂy’ we on uwe th tonh’ Sunction,  Since

tonh (&) = 267C20) — | @enerol linear combinetion  of  sigmod

(s equivalent to o general  linear  combination o tonh

Most o +the discussion (n dhis chagter s in dc?enden‘t of

the Par"t‘(cu\ar chotce. oF  basis

Chapter 3 Linear Models for Regression



3.1 Madmum  likelihood od least  squaves

We hae chowed SSE  could  be motiveted os +the moximum
llkelihood  colution under on  osumed Coussion nose  model
As  beSoe, we osume Fhot baget £ is glven by

’

& deerwministic Sunction Yoy, w)  with odditive CGaussion nose

t= Ylrw) + ¢

where ¢ & o 2er0 mean Gousion random varioble with

precision f Cinerse sf voriance )

Chapter 3 Linear Models for Regression 7



Le.

In

(s

section

the

Pkl %, W, = NCEL Yy w), gY)

[.S. we showed +thot

E.Ct1r)= { tpebinydt

optimal prediction

Chapter 3 Linear Models for Regression
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Consider inpu‘bs K =4 %,. %] with corvesponding toreet
+.... ty Leb  H:i= (4 R Assume B’ oond 4 are.
Jroewn in&ependen‘tly Srom (3.8) Then the likelihosd Sunction

f W ond [ (s \w  the  Sorm

N
PCELK, w, ) = TN NG | WTBU , ) C3ui0)
n=\

We will drop the explict 7K Srom expressions

N
Qa PCELW, )= D 2a N (tn | WTECH, )
n=\ C3.n)

:Chapgrslineﬁr Mudels%_/or Reyressibn — [5 ED Cw) 9



where SSE s dSined by

N 2
Epcw) = 5 X {ta— W' @] €3.12)
" Ko LAt

Consider First +the maximizotion ofF C3.01) wrt w |
Moximi 2okion o5 likeli hoed Sunction under o  conditional Crowmssian

C3.t0)  Sor o linear model = Minimizing Ep CW)

N
Tula PLELW,B) = 8 F 4 £ - W' § Cha)} B U

Chapter 3 Linear Models for Regression 10



Se‘l‘:t‘m%. ‘,:W( S

arodient

to e gives

N N T
O = z tn Qc—*n) - ( : @CZ&) §Wn) ) W/
n=\ n=|

which ore Enown as

Hee © s

clements are

on N XM

Q1 ven

Norma| €quations  Sor
moatrix  clled design

by in.} - Yf,('?ﬁn)
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% 7. P
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B, OFn)

square  problem

whose
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gew)y B o g QR Bor)
Eé - @, F.ﬂ;,) % %) Prant CH) - P w:.)T
?{,%) : B4 Lhu) P Cx) v/

.
where  $U = (AL, .. B LB

The  quontiby

@1':2 (@T i)"\ @T

s known os  the Moor - Penrose pseudo - imwerse of @
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T 2

S

squove  ond inwertible . then
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Leb us  see  the role o bias porometer  wo

N M~ 2L
Eplw) = -12-_ ‘t’n- Wo = 2= W; ¢ Q*n)k SSE
n=\ =l

defi -
whee we haw (nex ti= L 5 4 $;= L 5 g o)

4

Th%, Wo (s +he diSferene between +Hhe overoges o +n o
‘H’(Q. WQ—‘\ g—‘n te d’ UM CgfpterS&siwaea'r Models for Regressci,(f b O&S;S 5‘07\6‘5:0'\ \b-‘\leS 14



AStRr

w. rnt

£ zm‘{v\% Wiy , WwWe n  moxim(2e

no(se Precls'(on Pa\mme:ber G,

2
L _ 1 =~ + —\MT @ Chn
—_—= I == )
b N 3: { tr Mo |

resunl vorionte of toreeb
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3.1, 2 Gre.ome‘try

Figure 3.2 Geometrical interpretation of the least-squares
solution, in an N-dimensional space whose axes
are the values of t1,...,tx. The least-squares
regression function is obtained by finding the or-
thogonal projection of the data vector t onto the
subspace spanned by the basis functions ¢;(x)
in which each basis function is viewed as a vec-
tor ¢, of length N with elements ¢;(x,,).

N — t\imel\s'(or\ox\ Wkose okes

FO\" £'ined J ,

S poce

-S:w\ ct;On

basis

Cown \ae

rePr’esenbet\ as

off Leost squares

values

o Vvector
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P1 y

+
4= ()
are %:(Ven by ‘l;n,
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Pencte  F; by ths vedor, given by

p.= (BrO, B, .. Blk) (0™ colum of &)

where Jg=0,1, ... M-l

4

Let M AN and S be th M-dinm subspo.ce, spomes by P

DQ'S'.MQ y o= L YC#‘,W) , Y(,ﬂ’_' W/)' ... YC.*N,W) )T. BQ—WB 7

M
= Z Wt Y= Wo ot Wit Wi Puac
J o«

& on arbitmr7 lineorr combination of @ Y lkve ony where

in  the M= dimensional Qu\ospa,ce S

Chapter 3 Linear Models for Regression 17



b NY - &0

L

SSE (3.12) (¢ egual (up +to o Sochkr Va )

C squared  Guclideon distance)
Thus  the least square solution W7 correspords o that

chotce ofF Y lying.  in  subspace S ad that s clesest o #

= Y= ngs C#) ond Y= o Wiae
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3. 1.3 Sequenﬁm\ leo.rnin%,

Ako on-—lire alaorithm

Applying.  the technique oF stochastic gimdient descent, also
Knewn oS seq v.en—l:‘(a\ %_r'od.(en't' &escerft'
JF the ermor Suxtion E= =, E, , then oFter presentoition

o5y pattem 0N, SGrP updebes Wy Using,

CT+1) CT)
W/ - W - N VEn

where C. tercbon nuwmber, N lwnin% rabe  parameter.

Chapter 3 Linear Models for Regression 19



For +the crse o

CttD
/

where  Paiz= R0

SSe C3.1),

(o T
= W 4 nCta-wO )

T
CE o), B k), ... B Fn))

Chapter 3 Linear Models for Regression
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3.1.¢  Regulprized least squares

To  prevert  over- Sitting we oded reguladizotion term

o ot

E,iw) + 7 B, W)

A

where 7 s  the regulaization coeffiuent,

Swmple  Jor ¥ regu larizer as  Sollow
\A/Q..\g_‘fb tbCOuy

Eo W) i= + wlw
" - parometer  shrinkage

Chapter 3 Linear Models for Regression 21



F we

becomes

Set  the

Sor wr.

also consider

wvi—

n=t
grodient of
Then we

W =

N
S {ta-WBUH] +

SSE, then  the

2 N
2

(3.29) want W

totel ervor

Function

NVARYY C3.27)

o Wro o

obtoin the  solubion Wy

(rL+33)3 &

Chapter 3 Linear Models for Regression

Solve.
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More gpreral regularizer ©  wsed os  Sollows

N % M
Ji S dta-WBW + 2T 1w (3.29)
n=t\ J=\

where q =2 Correspords  to  the quedratic  regularizer  (3.20)
The cose ofF q=l & Eknowmn os lasso,

Excercise 3.5 o  Appendix E

o Minimize Eplwn) subgect o  the constrounts
Minimie (3.29) ¢=

g‘: lW:.lq =

o=

Sor come  appropriche Chapi|ggrear Mgfels for Aegression




L

X € ’P*P inpul basis Sunction § () = "Em

#.0#) |
MX |
tovgeb t Eiemine W
| — dlm  Graussian
Yug,w) = W RW)  ~ & (e~ At yorw), )
Mx K
tour gt F CK-dw) , Jebermne W
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2, 1.5 Mulﬁr\e out puts

@ <‘ ‘(W‘el\s.(onosl

torget  vedor & = (] )

Our approach s 1 wuse +he same bascs

all of the Com FO" en‘l:s

W/
MR

oF target vechor

/
M ~Jim

where ¥ 5 a  K-dim vectr W s

o‘S‘ PN’O\.WE":QYS oand

@. L)

W & an M —dim

Chapter 3 Linear Models for Regression
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Vs

Yok, W= W e = ; )

on

vector

M x @ mocETix

with elemerts
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§uﬂ>ose wnditional distribution ofF the ‘gt weetor +o  be

on stopic  Goussion

S}ng.\e, volue

(
PLELRK, W, ) =N Ct | \/\//Téc*),@)

Griven K- dim N observations & , £, .. 4. W con combine

Ehese nto Nk wmebnxe T,

Sim‘(\w\y combne  the ‘\npu‘b vectors K, K, - - %, into AXD

mobrix X
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The log-  likelt hood

o pCTIA, W, ) =

Moxcim(2otion  solution

i T ~
> W Nt W W), L)
n=\

- LR

2 n=|

Sor W [{3 %.‘( ven 197

MXN A% i

Wi, =C88) 3" T Mxk

MXN  A/M

Chapter 3 Linear Models for Regression

ME pa(L)- E5 I k- WiTBeR
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TF we exowmine this result  Sor eoch torget  vonable
boss funtion volues of observations

-l T =t
We = (,QT@) ® &, = é”fs
boget & obserwdions

where  H¢ 5 on AN = dim  column vechor K% column oF -"-)

Thus,  the solutions decouples betueen the diSSeredt  towgets .

From now on, we will consider single torget varioble +.

’

Chapter 3 Linear Models for Regression



3, 2 The Bza.s - VO\HMCB Decnvw?osi‘bion

Hﬂquen'\:is'l: view &  model com F\ef'(‘ty

Bias — Vartance tvode — ofFf

When eror  Junction s SSE, the OP'E(MOJ Pre,-e\'cc.ﬁon s 3 wen

vy heg) = ECE(x] = ( £ pCt 1y dt

WQ showed W  Sectwn S5 -quc[; the exPec:[;e:I Sq Uared |oss

on be writfen in the Sorm .
Prediction optimal selution C3.2")

ELL] = S { Yory - her) ]"chdxc +  ({heop -t} pu.t)dndt

Chapter 3 Linear Models for Regression 29



Prediction optimal solution

ELL] = § { Yor - ha fpcmdxc + ({h-t'} pw.t)dxdt

The second term orises From +he ntrnsic  neotse  ond
s e  minimum ex\>e€l:e=l loss .

The Sirst  term  epeds on  our chice & Yp

Our goal & 4o seek YWwx) making bhe Fist +erm o minimum,

csledel &> /%3l %=03 ok But Suwn waMme wiyy D

= D +* w —® yw.w mok]ing  hex)
O MRS using. K, W)

Chapter 3 Linear Models for Regression 30



Bayssion @ unerininty s expresed  through  a posterior  Jisbribution
over W

Frequentist < pot  estimate o W  based on D

N observdions D are indwendently drown  from  pGhop)

For & qwen D, we wn obtain &  prediction funcbion  Yex D)
YCKRiD)  od  ibs squared  error  deped on D

The perfomance o leorning algorithm s ossessed by taking

the owwor owr ensemble of dJodon sebe

Chapter 3 Linear Models for Regression 31



Consider +the Fist term n C3.30)

2

% D) — hig ‘
J\ Y:. P) \_t__ oiwbim\ soluton

prediction

which deperds  on D

L yorp) $E,TY0)] —hew |
2 2
= {ywse) - ELyanm]] + {ELywm)] - how)

+ 2] YlKiD) — Eptyuc;w]t { EpLyeipd] - htmr

Chapter 3 Linear Models for Regression
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Toke the expectation wnrt D

E,C{ywp) - hewt™] = {E,Cymem] - han|

bos
bR
t EDU YC%;D) — EEDE YCKiD) ] U
\D vorionce,

bios ©  extent 4o which the awrage prediction over all
doton  sebs JFers Svom  the  Jesired regression Sunction
vorione 1 extert o which  the solutions  f$or  ndividual oo

sebs  vory  oreund thier  awmge.
( Sensitiviby — Sforteryinger Moglels fgr Beqression e (hoce o L)



WQ Con obtin
squased  less
exp ecbed
p K
Where Q)‘wus) -
vorlonce =
noise =

the  Sollowing. decom position &  expected

squared losg = Chias) + Varante + noise

(4 E,Cywp)] — haml™ powr dx

5 EDU YC&5 D) — G?DE YC*‘JD)J] ] P dy
S 4 hww - L—tz Pt t) dx d¢

Chapter 3 Linear Models for Regression
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Our gl © o win mi3e the expedead logs
Trode - ofFf betuween bias o Vorionce
Flexible meodels ka\l‘mg. high vordonte  ond low bios

Rigid  models hawt no low vorionte ons high bios

A
[

In\=-24

x x

Figure 3.5 lllustration of the dependence of bias and variance on model complexity, governed by a regulariza-
tion parameter ), using the sinusoidal data set from Chapter 1. There are L = 100 data sets, each having N = 25
data points, and there are 24 Gaussian basis functions in the model so that the total number of parameters is
M = 25 including the bias parameter. The left column shows the result of fitting the model to the data sets for
various values of In A (for clarity, only 20 of the 100 fits are shown). The right column shows the corresponding
average of the 100 fits (red) along with the sinusoidal function from which the data sets were generated (green).

Wigh verioace, —
Chapter 3 Linear Models for Regression 35



Examine the bias = vorlonte

L

The

ond

( o pproximated )

prediction  models y*

oweroge Pred‘cc:l."con

ntegroted  Squared  buas

RS

\>y$umd§'1,, '

trade - off quo\n‘l:i‘l:o\vely

-
> Yy
.=

ond \nteg rotbed VIAr(onCe

2

2 " 7(103 hcxn)}'

Chapter 3 Linear Models for Regression
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3, 3 Buyes}an L‘l near re%.ﬁe;g} on
Ba)resiav\ | ineor reg.ressior\ con overd  the overSitting, PlfObIQM
F  madimum  Jikelihood and  leod bo  aubpmatic  metheds  oF

Mining. ™M complexiby . s oresick X

t ~ N CH Ylrw), (f' ) % Va
R Porameter Jistribation

3.3.\ Porometer  Jistribution
Consider the Frior' pro bab'(\'cb/ dstriition over w

Notse precision paowmeter B s osgumed to ke Enown

Fist,  we nobed  likelt hooy PCEIw) s the exporentiol

,&p/alpter 3 Linear Models for Regression

of quadratic oF



So

the

<Orrespon Jing.  Conju gate Prior S

pPCwW) i= M Cw | M, , So)

where meon m, covorone S,

Thus

the

where

posterior  distrbution  n the  Sorwm

pCw/ | ) = N Cw ] my, S,)

my = S, (SO" m, + 8D +)

SA;\: S;‘ + @@TE

Chapter 3 Linear Models for Regression

giwen by

(see (2. llé))
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Sinee  the posterior & Guussion (Unimedal) = itls mode = mean

~ . . e
< I ond L —H0O0 .e. (nf'(m‘be')r

.
€
0
C
g
9.
V)
0

1

br’cod Pr.(or , then the wmeoan YY\\” reduces +to \WMI,

cwc\ar"\7 F N=o ( wihout obserwdion), posterier = prior

Chapter 3 Linear Models for Regression 39



For swmplicity  consider & 2ero - meoan (sobrepic  Craussion

with st ngle, pre cicion Po\rowe‘b er X S o P rior Jstrbution

PLw i) = A/ Cw | @, X'L)  CSimpe wrcion)

o the covesponding  posteror

PLW (#) = A Cuy | my, S, )

where My = (% S/V @Tﬂ:

S, = 2L + D &

Chapter 3 Linear Models for Regression 40



Lo% 5] Po&bar‘(oh < the sum ©oF lqa_ & likellhet ond laﬂ-

A Pr'cor
@ a4 T > £ T
Lo plw &) = -3 Y {ta—w @%)(( - sww t constant

n=(

Its MAP colution wrt w © equ‘\ wlent 1o minemt 2k ton

of SSE  with oaNitional Qquadrotic repuladsotion tem A= ¥%/g

Chapter 3 Linear Models for Regression 41



Linear  bosis  Sunction

> &

likelihood

Sunction df
w/

prior/posterior

data space

NN

to

O (

- inpu'l:i PCEIL, W) _

- torgel: L | . y'- x
— Y WY= Wo + W, X 0

— Observed Jdoba. o© " -:-I o
opneroted b?’ ~03 ¥ 0SX y“ .
with ¢ o0 R

-1
-1 0 wo | -

1

0 o |

Figu tégs iqh% Mﬁq&@' 1 W imple linear model of the form y(z, w) =
Gﬁép wo -??ull'x ggtqalled escrig?oi:\o this |gu$ei%f?;iven in the text.



Gemreralized e Craussion prior

% M~
PQW/[D():: [i(%)q __‘__] QXF(_%Z |quq)

corvespords o the  Craussion.

MAP sdution o w s the mintm(dation sol uton

w which q=2
¥ q=2,

ofF (3.29)
T q+2 ¢

.
S

Which is  SSE t regularizction tRrm

not  true. ( mole of posterior # meon )

Chapter 3 Linear Models for Regression
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3.3,2 Predictive  distribution
In procice, we ore nterestsl  in moking  predichions o t

for oo new # ( nst  the wvelue e‘S‘W/)jL
/‘\,\

Predictive  disbibution & & D ™

PCE [ %, 4,%,8) = S Pt (%, w,p) PCw |4, #) 4w
{ ~— -
new .W\PMt W/ o C[,{-'S‘E poslﬁenor

where £ < He vectr ofF ‘tvv:m‘mg_ ‘hmae?: \/DJMQS.

L is fvom prer asumption s Gousion nose of -+

Pw’\“): IVARYAK-S D(-‘I) P(-l-_ | %, \M”P) = At YC.*,W),(;‘)

Chapter 3 Linear Models for Regression
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The predictive  distribubion  tmkes the  Sorwm

, Proning.  doson eR
PUbl %, £,%,8) = N CEL M) § ), S Cpd)
new 'mput
where 67,205:) = -(%- + P S, B LR C3.59)
— \
Jobn notse MWW
o W

By L Qazax et al., 1990 ]

>

Opye LF) < 6‘; CH)

TE N > o0 bhen ChpperdUmsmMeesipegessionn  (3cq) —b /B 4



Uncertointy

~“\ PVQ.\RC&OO\SI i i 1+
qowrned t
by C?.S.Q) 0F © 0OFf
-1 -1
0 T 1 0 Z I
1 1
t t
O—-
0 0
-1 -1
0 - 1 0 . 1

Figure 3.8 Examples of the predictive distribution (3.58) for a model consisting of 9 Gaussian basis functions
of the form (3.4) using the syntheti& bRty dal-tiearsMastete fas Rearegsiome text for a detailed discussion. 46



Sampling. -fvo.iq
postenor
ond P(db‘t'mg_o_
Cmsrmd'mg_
mode]

—1rF

v T

Figure 3.9 Plots of the function y(w) Lsing samples fr e pposterior.distributions over w corresponding to
the plots in Figure 3.8. %ha?:yer%guneé)rﬁoa%%tpor Kegression 47



Remark
— We  have usey Crousson  basis  Function  (local t2ed)

- B X S oway from the bosis function centers  +then
the contribution Srom the secod tom in 35A) goes 4 o

.e. |t the nose (‘-‘.

-

WM P%&‘(‘(OV SO F‘."\% W.... W M

SQ W —'—N?Zrcx%)
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3.3.2  Equiwlent kemel ( kermel methed )

Substitute  (353) o (3.3) ( expecbed  prediction)
MR\ N
Yor,my) = M §en = p 'S, BT b =2 PEW S, B,
n
MR\ =
where Wiz (g . Bew), S'=S +08 8 o

B k) P k)

5 = (

NAM

: ) Jes}%n mab (X
AN B )

T'f\us, YC¥%:My) s +the liner com bination o e 'bro:m'\ng_
;g‘l‘; W@:\; varilobles Chapt&r f:; Linear Models for Regression 19



:) N
YO, M) = 2 kL& X,)tn

n=\

w\r\m ‘HVIQ, Sundﬁ on

Eox,u’y = B 8w S, Bk

s  kKrowun as  smeother mabrix o  equwalest  kernel
Lineovr SMoo-Hner‘. Y‘e_%m;ov\ func’t‘con MU\kQQ PI'QYRCIS‘(OI\S b)r "ll&l':‘mq,

linear combinations of trouning Lowoot volues

This  kernel deperds on Kn  becwuse o SN

Chapter 3 Linear Models for Regression 50



Consder the cowrianee bebween Yoy od  YC#)

oVl yl) , Y]

\

covl W B, w g ]

'S, BLH) = (kUK %)

VR = Nt |mi gy, P+ 0w S, Bw)  (nob salor wiue)

Vo) = W' @ k) wheve W/

S

NCw| my, , S))

’

VT W B, Wdh] = EL 8w ww' 8u)]— & L0 my, m] Hueh

- Elww ] $ww

= cov[wJ + ECWIECW] "

Chapter 3 Linear Models-for Ig%essjpn m)\/ mi,, T 51



—

o regression, we  Inbodued o seb e basis  functions SO

equiwlent  kemel wos iMPl‘(d'Hy determined.,

Pt we con define o loolised keme| d'(vectl): ol  use

this 4o wmake Fred“(d:?or\s

Chapter 3 Linear Models for Regression



The

on

equivolent  kernel (3.62) con be expresed

(in  +he

inner  product  w.rt Vx) & nonlinen~ Sunchions

KLk )= T TG

vhere  Dup)i= B S,:? AeD]

Chapter 3 Linear Models for Regression

form
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3.%  Bayesan Mokl Comparison

The prodem oF mokl celection from o Bayesan  perspective.
The owp— fitting osocoded  with  Mowimum  [lkeliheed con  be
ovoded by marginadlizing.  over mode| parameters

The Bayesian view oF wokl comparison inwlves the use oF

pro babclities 4o rq_Pre,seﬂl: w\cer'l:wn‘lz\/ in  the choice o moR|
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Compore oo set af L modls ‘Mxt R

Mo:b\ V‘Qfelr‘s to o Probab'(\ity d(sth bu‘\icon over the observeé da‘ba D

T T

Figure 3.5 lllustration of the dependence of bias and variance on model complexity, governed by a regulariza-
tion parameter )\, using the sinusoidal data set from Chapter 1. There are L = 100 data sets, each having N = 25
data points, and there are 24 Gaussian basis functions in the model so that the total number of parameters is
M = 25 including the bias parameter. The left column shows the result of fitting the model to the data sets for
various values of In A (for clarity, only 20 of the 100 fits are shown). The right column shows the corresponding
average of the 100 fits (red) along with the sinusoidal function from which the data sets were generated (green).

S Wose Pot the Jdoda o @gnem\’oea from one o
we ore uncertrin which one
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This uncertrinty ©  expresed  through pCM)

Griven o~ ‘l:ro:(n\mcg. docta.  set 12 we want +to ewluate

&

C M; oC PLCM;) DI M;
P P P Pt ) pCo(6&)

Prior  mokl evidence
The prior on  express o preference  for  {feredt  models,  But
Jor  swmplicity  asume  tht  oll wmodels hae the some prior,
pPLD | M;) mode| ©ovVidkrnce ( marginal likeliheod ) expresses  the
preference  shown by the dot  for  ddferent  modkls,

C likelihood $unction over the wmodel spose in which  the povnwmeters

have b m < M‘( .%rggter SQI)_&near IXIodeIs for Regression 56



The  predictive  Jistribution  Cmickure  distribution)
posterior over moRls

L
pCt 1%.,D) = E\ (‘L@‘ #,@EP@’D_)

Averoge o the predidive distributions  pit| %, Mz, P) oF  individud
models  weighted by the posterior probokilifies pLM;|ID)

For exomple, two  models

| |
|

o~ b

Model selection ' use the cingle mot probable mokl alone
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Consider model ML govemed by the Farwv\e":er wW/. The wmodkl

eudnte s  gwen by

PP LML) = | PCP LW, M3) pLw | Mz) dw

The mokl evike ([ marginol likelihood) PLDIM:) wn be wviewed

s the Fmbaxloil'(ty o eereratling the It set D Ffrom a

model whose porameters ore sompled of rondom  from tie prior
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Note that

The ekl

dernoml noctor

PLW I D, M;) =

eviknee s

n

Boyes

PCOLw, M) p(WI M)
PCD I M)

the normm“ 20tion  term o\ppew‘?ng_ tn

Theorem when ewluating the

Chapter 3 Linear Models for Regression
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Consdar o swngle powrom eter wW. The Fos'ter'(or st bution
over W \s Propor‘t‘con al o PCP1lw) pLw).

For st P\'( c'(“by/ oasume, the Posﬁeﬁor- distrbution Skwp\f Peoukeé

oround -[;lne, mocst Flf'bba\.ble, vl ue WMAP with width Dwfwﬁeﬁ.ok

Figure 3.12 We can obtain a rough approximation to N oo
the model evidence if we assume that -—
the posterior distribution over parame- ( \
ters is sharply peaked around its mode
WMAP -

YA

WMAP w

< >
A/wprior

OJ\A ‘Hne Prior- .lS :H OCL' w“:k wH’bh D W Pr'(or CQ ‘H\a\’b

| Chapter 3 Linear Models for Regression 60
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Thas we have & simple oapprosmation to  the integl over w

w | .
pcp) = 5 PLOIWIPUW dw 22 PLD | Wyyp) = -
O W
prior
—_ _ &W prior
5t bo dobn qiven e of kllae
by the most ?mbable pen 7‘ mod|
parameter corplextty

AWPG‘E@"(M‘ < AN W FT.COP , ‘Hﬂel\ 'khe, SQCD"A ";ef'm i& negpdj\e ]

So it inwesses in  wmognibude, as the rvhio AWF""’/AWF-.., Qets

Smaller. TF  the porowmetes ore Sinely tuned 4o the Yodm in
| ﬁor, ‘H’\Q—'\ ‘[:Lle, ChaRteli%)I'_inear‘%dels for ﬁ?ressi‘)n E. 61



For oo mokel with M pammeters | ossume oll porometers  howve
the come rotio oF D W pasterior / A Wokor . Tthen we  obtatin

o~ Swmilar OLPPTO)C‘\ motion 73 Sollows

D W posterior
Lo PUDY = 2n PC DI Wigp) + M Qn s
(' AV‘,P"iotr )

Thus, the siae ofF the complexity Pena\ty increases  lin=owrly
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3. The evience A PP rox wmoction
fully Payesion treatmedst oF lineor basis  Function modl

- Lntroduce Prlor Jistn( buttong ower hy PerpOrome 2rsS ™K od @

~ Moke prediions by marginalizing wrt  these  hyperporowmeters

ond Pa.rame;(:evs W/

— But the c.omyle;lb Mar@inal sdtion owr oll ofF dhese  variobles

X ; (5 ony W/ S &'\047'5 Cal\y Rn'br'ac:‘:uble.

@ W @ AR 204 \ovad(c.‘ﬁwe dustri buition
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Discuss  an  opproximation n whch we set the hyperparsmeters
to  specific walues dJetermined by woximiding the
lkelihooy Function’ obtoined by $it integroding over wy.
5 we inbrodce  hyperprior over o am (3, the predictive

distn bution ¢ given )07, | C3.¥A)
posterior over W

PCt 14) = §5] Pt 1wy, p) POW | %,%,8) POpli) dwr 4o I

Model - oSsumption byper posterior
3.8

Here we  owmittey e Yependence  on ‘U\F(it >
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¥ FOS'E'EP‘(OP Pl I E) s shwply penked orouny R ad P

4

+hen

tl#) ~ peb|&,2,8)= )\ peilw B)pwwit,® B)dw
P P ¢ , P

From Bayes Theorem, bhe posterior dictibution For oL,

PO, El#> oC PCEIxX ) PLY, B

/\

&\Mcl(&awe

Se § Prior S re|acblve\7 flof-,  the walues

obtoined by maximiaing the  margiral  likelihood $unction plt L ot p)
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Heve, we eunluate +he marginal lkelihood Sor de  linear bagl

model and HBen Tiding it moxima,

So Hhig Wl allow u 4o IEemine velues  For kyrerPumwe‘ters

Srom e  troinng  dbm olone (Yo = regubwrizotion  porometer)

Two aﬂ?hoadng cfy MWQN‘\-&OC&OV\ 0'5' -Hne, log_ evidence

— Ewluate 4he evideme Sunchion analytt aa«“y ond then set s
derivotive equal 4o O b obtain  re-estimution for K, g3
— Use dhe tdochnque  colled expectotion  moximiseabion  algorithm

n  Section 4l.3.¢
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3. 61l Ewluson

o5 the evdence  Sunction

The wowrging| [(kelihod  function PCEIkE)

{ n'tegm‘b'mg. over

W

obtouned

P It,P) = S Pl w,6) PCW IX) dw

By the vesult C2.11S) for the conditional distribution in

lnear — Graussion

mode|{, we con ewvaluate this

Chapter 3 Linear Models for Regression
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From,

Sunction

where

C3.i)  C3. 12) ond

n

PCE (£, 3) =

M

s

+the

the

E twr)

Form

C252) we on write the

(Sxceruse 3.17)

N/

s
£) (Z) ) expi-Ecuny dw

2R 2R

Jimersionality o W ond

()

P Epw) + XxEy\ W)

2 oL T
Ere-Bwi* + 3 ww

Chapter 3 Linear Models for Regression
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Furthermore,

¥
Elw) = EUm) + -—;_— W —-my) ACw - My, )

whelfe. we hawe, m‘b'odzc,e.é
A= L +p% 2
'boga\:'ner with

2 K
ECmiy) = —f_—l\'l' -emy, + 3 M mi,

Chapter 3 Linear Models for Regression
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A  the mabrx of second Jernwmbives oF  ervror

ond . k. o~ Hession  motrix

A = VTV ELW)

Hee we have also ®fned ™My,  giwen by
M|N = P A-‘ i-r'&
Sv = ®LtpP' P

=\
Ucing. .Sy , we ¢gSe A= 5,\, , hence

Chapter 3 Linear Models for Regression

L3P

Function

C3.89

-
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Back +to +the wntegration C3.N8)

-——
L

L S

5 exp (- Ew)) dw

expq - ELmy)} j exp-f -2 cw—m )T A Lw—-wm} Jdw

)“/:. -A

expq -E i) | (2% | Al

CinB), we con wite +the log o the moarginegl

|‘kelihood n the Form

fn PCEIXE) = Moax + L 2ap - ECmy) ~ L 20 1A= £ 2ncan)

Chapter 3 Linear Models for Regression

71



lo
V%-

Figure 3.14 Plot of the"model evidence versus

the order M, for the polynomial re- _jg}
gression model, showing that the
evidence favours the model with

M = 3. =201

=22

QV\ FL-&‘MtG) D4t

M= §- (0> _26 -
0 2 4 6 8
M

Remark

— The urderlying swnusodal Sunction s an odd Funcbion

— In M= 3 cose , wWe obtnin o s'(gniﬂcm‘t Impr’ovamen'b in

dodn  Sit
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3.5.2  Moximiaing.  the  evidence  $unchion
Considerr the moaximization o Pl (L) wrt o
This cwn be done by Fint dfining the Sollowing egenvector

equection

(P27 3) UWx = 7; U

Since A= oL + éT § ) A  has etgenvalues Xt Nx

Mow consir Hhe partial  denvative o InlA| w.rt oL,
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We ha«ve,

b _ 9 - S -
.5;,9,,\|A\ = 3a O A (A tot) = 355 2: LnCPz to0)

Thus

M ( T \ l

e

Maltiply g \37 24 ond rRArvanging., we obtnin
l

oLM(JM\N:M-—o(Z . F

- Ni K

A

Chapter 3 Linear Models for Regression
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o

Svece there owe M terms in 4the sum ower A

4

c3.an = Z &:2 ( depends  on &)

So -I:L\e Sollo w‘m%_ " & MO mzie,g 'qu, Mowg.( N a,\ l ; kel kood‘

mi,, ™ ( 3.92)

Note Hobt & depenks on A oand  the mok M, o the
POS“:eﬁor distri bution \lepeods on the cdhowce o .

Thus, +this solubion s tmplict  ond ¢ adopted an Wwrrebve

Chapter 3 Linear Models for Regression 75
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;“\o\\ce, an ntial choce oF K oand  use bthis o Sind
m, (3.53) and ewlwte ¢ (3.491)

Using (322>, re-estimate o ond the process repet

until  conwergence.

Nobe thot beouse +the wodrix £ & s Sixed, we cn compube

tts  eigenvalues once o the start

The wvolue ofF ®  has been Jetermined purely b)r training  ita.
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Swilorly, maximze the log. marginal likelihod (3.86) wrt @

Nete bhot  the eigenvalues 7A;  ore  prportional to

b\ - \ N d
— Un|A) = — n(P; t) = — = —
ST A = S5 T imtey = o X S = 2

So  the S'\:od?‘(onary pont  of the Marg,(m\ likelthood  sotisSies

N & T X ¢
26 2 %\ ) b & ! 2

ond  Yeorranging we obtain
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{ l N T o

Agoin, this is on imphct solution Sor . So  cheose

onN nitia| volu e Sor (3 o Cdk‘ culate ml,, ond ¢ oy J;he:\

re - estimate (2 using (3.45), repeating wuntil convergence
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3.6 Lcmitations Sy F (xed Bosic  functiong

Models c,owu?r}stn%_ ~ lineor combination of Fixed non | ineour

bosis  functions

\VY
The &SWMFaOV\ Of' l‘mea.ﬁ'I:T in the Farmm@l‘krs leé o a
ronge of  useful Fmrer‘f(es (ncluding- closed — Sorm  solutions +o

the least squares problem. We an mokl orbitrary nenlinearities

n the mapping.  Stom  inputs {1 targets

Bu‘(: -l;hem are some Cig!‘i‘.‘ﬁ Co.n't Sl\or‘(: c,owu'( nas
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The  basis
dotor. (s
The number
with  the

Functiong
observed.
of  bass

? (k) ovre Sixed before the ‘bronining

Sunctiong necds

Jimensionol ‘\:7 V.
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