C_Moxp‘ber Y Licor Models Jo  ClassiFiotion

T.nFur\T vechr * € \RD

Goal i assign Rt one o K disaete clases Ce, K=L.K
So the input spoce s divieed into Jecision V?/a.( ons CR:)
whose boundorles ore  called decasion  bourdaries o  decsion curfaces

Lincor wmodls For cloasiFiation meon that +the decswon bourdarieg

ore |ineor Sunctions of a put  vechor XK

SR 34 © - L
.. AP Re

Ci.e. D1 Jimensional  hyperplone ) ot
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Probablistic.  models

Two dass problem ¢ binowy  representudion )

Cingle  bargst  waroble  t 6 40, \f ok £=|  represerts
closs G aod t =0 represerts clags C,

The wlue & t  cn  be nterpreted o8 the Fmbxblll‘lzy

thet dass s ¢
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K >2  closes problem  C multiclass )

K - Jimensionn]  veclor & one hot wvechor (l-of-K coding)
F the cas s ¢, then ol elements + of £ oare zero
exeept ki, £ = L. Cl,o,0) (o,1,0),

Agoin  we n inRrprete  te  os  the  probabilihy  thot  the

closs s Ce.
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In the [inear weode], the wedel prediction yox,w) wes

gwven by oo lmear Sunctien o w.

For  cloesiFicotion problem , we nead 4o predict disarete  clag
or Mmove 921@0‘-“7 ?orl;eh o Pmbc\b( \ites )
= generalize the modof n which we +trongfom the [inear

Saunction o w using.  a nonlinear Suncton $C) so thok

Yoy = SCwi s + W)

L) s kown os on 'acﬁ\mk'l:'«on ‘func't‘tor\f [ts Inverse i« called

( P i e .-
N < Chapter 4 Linear Models for Classification
& link  Suncten



The decision  boundaries correspond o YCg) = constont

(e. W' + W, = conctorit) omd henee dJdecsion baundbanes  ore
lineor  function oF %

In contract to +the wodls used Sor reqression clossificotions
ore net linear wn w  de o FC)

As regresion models, we on use & Fixed neonlinear brorsSorwotion

with o vector ofF basis Sunctions P C¥).
We begin by considering clossiFicotion dired:ly in  the orginal

(npat  space %
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Lf‘. ( Discrim nont S'(A nctions
Discrnminait  Function  takes ¥ ong OkS';.(gJ\S +t one oF K
clag;es Cl:

We vestrct ottention o lineor  dJdiscrminonts C decsion  boundanes

owre  hyperplones )
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Ty Two classes

The  smplest lineor  digmminont  Sunction

YC#) = W/Tﬂ + Wo

where W the weght wecbr and W & a  bias,

An  impub %L s ossgned o G F T zo ond

L}

S ossigned o G2 (T Yy G#) <©

= decison boudary ¢ defmed by  y(¥%) =o.
4

W)t %+ W,
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Arbttrary  pot % and let XL be s orthogonal  Pprosection
onto decis ion surfoce So  thob

W/
= r—
)& ¥, + Wi

Figure 4.1 lllustration of the geometry of a 4

c’*) linear discriminant function in two dimensions. y>0 2
The decision surface, shown in red, is perpen- y =0
Wkere' r - Y dicular to w, and its displacement from the y<0 R1
" “’/ ll origin is controlled by the bias parameter wy. Ro

Also, the signed orthogonal distance of a gen-
eral point x from the decision surface is given

by y(x)/[[wl-
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We cn  use dummy input X, =l ond then deSwe

W:: CWo, W) oan¥  F:= (X, %) So that

—~T—

YL%) = Wy W

Tn dthis cse  the decisien  boundories oare D —Jdimensional
hyperplones  passing  through the orgin ofF D+l dwm input

spoce.
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G 1.2

ANow

c\o\;se;

Mau ltiple.

cong ger

te extencsion of

One - versus — the - rest

Use

pro blem

Thes

classes

classifier

K-\ clogsiFiers each oF

separating.

method

leods 4o

class Ce

re,g,( ons

which
from

thot

linear dischminants 4o KD 2

solves o two — clasg

O‘Hter cl asS

ore  ombiguously clagified
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One — Versus — one  clossifer KCQ_

Use

KCk- /5 discriminant  Sunctions,  one Sor every

Fosible Fouir o) classes.

Thee

We

too  run  into  the  problem &  ambiguous  reguens.

need too many classifFevs

Cy

not C;

not Co

Figure 4.2 Attempting to construct a K class discriminant from a set of two class discriminants leads to am-
biguous regions, shown in green. On the left is an example involving the use of two discriminants designed to
distinguish points in class C;, from points not in class C. On the right is an example involving three discriminant

functions each of which is ugefh '8 511" 1 T EHP IO deT¥ for Classification

11



Consr & single K- class dissaminant  comprising K lwneor

Sunctions  oF tHe - Sorwm
Wy & P weght vedon

T
YKW) . - W/K XC + WKO Wgo & IR b;QS

A‘;S'(Q-"\ o Po‘m’b ), & to class Ce F Ye OB > Y; O Vi# kK ,

So  the Jdeciston bwndary between Ce om C\-, (s g.‘(ven

by (,VWK"‘\‘V/J)T W + (CWeo — W,;p) = 0,

S.Q. D=1 v‘: mensionol }\yFer?(ome
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Figure 4.3 lllustration of the decision regions for a mul-
ticlass linear discriminant, with the decision
boundaries shown in red. If two points xa R
and xg both lie inside the same decision re- <
gion R, then any point x that lies on the line R,
connecting these two points must also lie in
Rk, and hence the decision region must be
singly connected and convex. Ra

— X 3

XA = N

Decision regions ore  singly connected  ond convex.

leb  %n ond Hg b in Ry, let 2 be s

Ri= N HKa + CL-7) g ot N & |

Chapter 4 Linear Models for Classification
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Since e Jisciminant Sunctions  owre  linear, we  obbtoin

\

YeC®) = DYe (ko) + Cl-7) Y CKp)

Beaue K,y ond Ap

Ye Chg) > Y CKg)

v

lle  insiee  Rg, YeCka) > VY, Cks)  ond

JFk, hence Y @) > VB Yizk

’
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4 1.3 least <cquores For classiFicotion

Consi®r o classiSicotion  problem with K closses  with
|-eF-F  scheme  Jor the buwgb vedm  H.

The wminimization & SSE  Sundion & the wethed thot

T opproximates  the  condttiona) expectection EC¥\ %] of the

Parept:  values Aven the input %
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We  @n group  these lineor wmodels  using.  vector  notadion

~ Y )
YC#¥) = W/ ');Z :( : ) K-dJdim
7.0
ALL

where % & the M%M@-Bed in Pu't' vecbor (I, )ﬂ)T ong
(PO X K
W = (W, . —V\\'//,., . 'F\I\V'IK) \’;I;K: (.Wko,WKSr

Chapter 4 Linear Models for Classification
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Inpit % is  ossigred 4o the class  for which the  odtpit
Vo= WTF (= win+ o) 5 lorgedt

Determine  the povometer  modrix W by minimiing & SSE,
Considr o treining  dobon seb {#n, Eaf  n=), N

Hn € |RD, t.€ |Rk (one hot vector)

. N - | ]
Define oo mobrix 1 whese n row (5 the veckor -E£n
N% D)
" K whose nt row & e vedr P =C1.%,)7

\ » a(\%rvedpr QMW
SSE =52 lW % - +ll

‘ ——
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SSE Suncton con be wrtten oas

Eo (W) = L Ted (EW- T) (AW -T)}

St e grodiet wrt W to  3ero veckor. So we obbein bhe

Minwml 2ng.  golubien  of Ep cWi ) for W oS Sollows

—~— ~+ ~ "\ —~ —
W= (FT%) F T = %

where X' & the  pseudo - inverse o X The Jiscriminount

&N\C‘:(Oﬂ (8 %—(V?J\ by YCX‘) — ’V\O/Tji - .“..T (‘;;Z.r) ’)5?
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W . the Favmeber Mmoo who se |<% column
W the wrodre whose " yow s vl
Then

.
where  k-dim 4= CLY D) Whiz= (W, Wao,

Cleulote  the dernwdive o EpCW)  wrt wy

P rRK T
T EWI) = 2N W, + 2(AW-T) 4
Wo X\ Axp ArK x|
N xR
( See lober!) XA

Chapter 4 Linear Models for Classification

}5 W

Ep @)= < Tr{Cxw + 1w§-1r)TQy<W/ + 1_\:\//3-1)?

T
.. Wio)
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We  have

opproach.

where

This  Jiscriminant  Sunction does nob  hove ony

Xt

irberpre

nton

Y)Y = W X =

dotained the discriminant  Sunction

N |~ = Tm
! T (%) %

(F° %) &

ond

S

net robust o oufliers
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us:m}

probabilistic

C least squave )

leost  squove
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Leost square
opprosch

SSC Fenad'( 2cS Pvml's'l:ions
Hot Ove 4o conect
in that Such Po‘m‘bs‘

Cgo-lr $vom boumbvy)

-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8

Figure 4.4 The left plot shows data from two classes, denoted by red crosses and blue circles, together with
the decision boundary found by least squares (magenta curve) and also by the logistic regression model (green
curve), which is discussed later in Section 4.3.2. The right-hand plot shows the corresponding results obtained

when extra data points are added at the bottom left of the diagram, showing that least squares is highly sensitive
to outliers, unlike logistic regression.

Figure 4.5 Example of a synthetic data set comprising three classes, with training data points denoted in red
(x), green (+), and blue (o). Lines denote the decision boundaries, and the background colours denote the
respective classes of the decision regions. On the left is the result of using a least-squares discriminant. We see
that the region of input space assigned to the green class is too small and so most of the points from this class
are misclassified. On the right is the result of using logistic regressions as described in Section 4.3.2 showing
correct classification of the training data.
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1.¥ Fisher's Linear discriminant

Considyr o lineor cdassification  in termg  of  dimensionality reduction
Inpit % & R

Consder o pm&ection +o one Jmension uc'mg_

Y= W/T#

’TN“QS ho H Wo on )’ . Se S )’ 2 W, then ), (s clogsifed
as cdoss C; othermise  closs Gy

ConsiRroble less  of  informotion  ond overlaupp'm%_ in  one dwmension
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Groal: determine W or  selet  pralection  moaximizing  the clogs
sepawntion
Consier oo +two closses Fr'olo\ew\ wibh N, ponks & clogs C,

ond Na  pomts oF closs o5 C,

The meon vedos o the +two closses

mi = Xl/‘ 2 ¥ m, : = 1z HKn

¢ ned, p Ny nels

First, choose w o voximize the dJifSerence of projected wmeons

) T
My =M, = W' Cmi, —ml) where Mg o= W Mig
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We constrain W o hove  untt  lengbh, e T Wit = |
Us'w\g_ o La\g\n:mg.e multiplier , we 5ind

W oC Cm, — m,) (see Fg §K.6)

Second.  consider o small  varonte  widhin each class
The within = class  varioanee  of the +tronsformed C projected)

Jochor Srom class Cg 1S qiven by

SXi= 3 CYa — M)

neCe

W"\ere \/l\ - W/T#n Cha&t:a4 Linew\‘léllo.?%l's fW'ESMc‘::ation 24



The Yher critenon : MOXI M| 2,

2 :
M, — m bebween — class  Vvorance
(Y% 26) Jwy) 1 = LM )

p R 2 N . M
S +S, totol  within —closs varance

Wt Cm — m) NS

Jew) = - 8
T (W% -MY) + 3 wwhig-—m)
neg neC,

Lwemy —m) = [wTem, —m)] [ wiem—m)] = w'Sgw

where Sg ‘= Cmiy — wi ) Cmiy — mi, )T. C 4§ 20)

X\ |X U

Chapter 4 Linear Models for Classification
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where

W/

p 3
SEasl = T CW k-m)] + I Cw Gk )]

ned neC,
= WS, w + WS, w= w's,w
K T
Swi= 2 k=M (- M) E=l 2
ne (e
T
Sw 1= T =M (o= M)+ T oy — M) U = M) (g23)
G 2
T Wy . - Vo ‘
Towy = M Sp S ¢ between — coss  covarionce  matrix
wrt S, wr |
Sw: within - class  covariance  mabrix
D= IXP DXP PX\
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Differentioting  Joewn wnt  w, we fund  Jow) s moximaey

Whe‘f\ (.W/TSBWI) SW W = (_\N/TSW wf) SB \Z (E29)

s -l so-lar

We, e  used Vi (W/TS w) = w' (S + ST).

BY Ck2N) ( &F oF SB>, SB W ¢ in Jdirecken &F Cm, ~-m),)

.
(i — ™) (o, — o))" Wy (Mo~ myCMy —mi)T = S
\Xp  Px|

And  drop  the salar  Sacors  ( W' Sgw) and  (wT S, w)
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Multiplying.  both sides oF  C(F.2a) by S’ , we then obtoun

-\
W/ CC SW (,M\:, - m|3 Lq‘.3°)

MNote that & within — clags covarone s isstropic ( Sw = AL)

then  cdubion W & proportional 4o m, - m

(4.30) s known ag Fisher's  linear Jdiscriminant . Ths ¢

the diredion Sor  projection oF the dJdidm  Joun o 1- Jdimensin
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W/ oC LM‘:,‘ M'\)

Y :
g
2,

O~\
SN

=2 2 6

Figure 4.6 The left plot shows samples from two classes (depicted in red and blue) along with the histograms
resulting from projection onto the line joining the class means. Note that there is considerable class overlap in
the projected space. The right plot shows the corresponding projection based on the Fisher linear discriminant,

showing the greatly improved class separation.
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416 Relotton o least squares
Two o\PPmo.ghg oF lincar discrminants  Sor two ~ closs Prololem
The leost  squares moke e wodel Predic:tions as close

os possible as o o seb F  tagelb weldues

N - 2
minmize 2 || w % -
)’L#n)

The Fisher criterion wos  derived by  requiring MoK MU

class sepavation  n the |-dim  eutput  gspoce
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leb  us see  the  vreladionship bebtween these two  approaches,

We will show +that  dhe Fiher criterion con be  obteined
as o specel e of  least sguores,

Llsf M Cresp M) ke % o pattems in class C, Cresp, G)

Toke the targt wvlues Sar class G 4+ be YV N,

Thss  torgk value opproximotes  the reciproal oF  the  prior
C inverse)

Fm\nbi |'(t7 oo clag G

For clos Ca, take the targts b be T A,

Chapter 4 Linear Models for Classification 31



The Sum — o‘f’ - Cquures rror hnc‘l:’(on Can 'oe.

| X T 2
E:";_'z(-\”/#n"'wo-‘bn)
n=\
#“G\PD W = (W, Wp)T

N
SE = T (W, + W —4a) =0
dW, n=\

N T
Vo E = 2 (W K, + Wo —tn) % = ©

n=\

Chapter 4 Linear Models for Classification
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To

obtin

Wo = — W' mi CY¥ 3P
the weon of otad 'mpu'L' dodo. seb  and
m[:-l-fﬂnz—l'(_N‘Wl'\’NMl)
N n=1 N ! 2 2 .
CE3¢) we havwe | used
N
N N
= —_— = N, — =
i:,‘ ta N, " T

Chapter 4 Linear Models for Classification
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CE23) oomn be  written ( Excercse

N N

= 6)

CSu+ 5 5 W = N v —m)

were Sy s defined by C¥28) ond

C#2N),

S‘mce SB Wy (s a.lwmys in direction S5
' -\
wrce W o S, CMip — mi)

where we have  ignored (rre le vant snle

Chapter 4 Linear Models for Classification

SB ‘(S

Cm,y — Ml,) ,

Soactors

we

®fined by

Con
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We hove ako

T
Wo & W m,

to cdegs C

Sound

It meong

S

F Y = w' k- m)

clasified

>0,

Chapter 4 Linear Models for Classification

bos

oL
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b 1.6

Ficher ¢

wLoGp ., assume

The

of Kk

where

ernerol 2o0tion

discriminant  Sor  multiple
D > k

oS widhin — covariance

clogses  Sollows fvom (LE28) to

K
S, = = S,

wW
K=\

c,lou;ses

Mou"bn b &

VR

Ck > 2)
to the cose
Cinplb space)

SpiT T (e = M) C Rk — M)

ne (e

M\K':'-—L P ¥

Me neCe

Chapter 4 Linear Models for Classification
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where Ne 8 X ot Pa:l:tems n Cp

ConsiRr the toba.l covarione Mot K

N .
§T = 2 L& —m) C¥%n— m')T Clinpat space )
n=t
where m( ¢ ¢the wmean of the total Jobon  seb
T»\‘(S S T con be A'e.CbIM Fosex) ‘u\'b -Ehe_ SUM o:f' %e
within — class  covariane modrix Sy and an  additional

modrix S

S =Sw+§B
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We '\dent}f] Sg o8 a  meosure of +the  between - close

Covoun on
k T
L 46) Sg= L Ne Cog—m) (Mg — rm) Cinptt space)
E=t

i

Next we inbroduce D' >\ | (n@ar 'S'Qad;ur‘es' Ye o W/g X
where k =1,.. D, (P-dim  vegit wy)
The weight vecbor { Wi| (n be considered 4o be the

olumns F o motrix W Cpxp’) so that

W' ) ¥ = W % D — dim
b —op
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N ow

ond

where

*fine  similar  madrices  in the project D'-dim Yy -space

K T L, ‘
Sw = L ¥~ M) (Va = Me) (DD mabrix)

k=l neC

K
Sg = Z M (M) (e -y (D'xD mabrix )
\ < L -
= — = L = —
Mg = Ny EC; Y , ML= Yy, lg‘ Ne Me A é‘ Vn
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To determine W  we need 4o kfine a scolar (berefit)

which is lowge when Sz s lage od  when Sy & swall

Consider Joew) = Tr{ Suw' Sgj Secibire
Spate

Th‘( c CF( _&r“ on con b% WY‘\‘H:QV\ 0S o ea(Pl‘(C‘(‘b func,‘t‘(on ‘\V\ 'I:ke
T -1
Sorm Jow) = Trd (W Sy, W) (W's, W’”

PxPD Pxp DxD’
weut  space
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Remark

— me C(_k (,,6) Ldéf‘ 6:[" SB) , SB ‘lS +the Sum o'f' K mbﬁce.s
ord each oF which (s s§ rank |,

Pecouse oF +the defindkion oF m only CE-1) of these

mobrces owe independent
— Thus Sg has rmwnk oFf most  Ck-1) amd so there

oree. ofF wmost CE-\) e'(ganvau\ues .
— Se bhe prodectin  onto  the (ko) dim  subspoe  sponned

by Hhe egpnvechrs oF Sg  does not chanae Jow)

More than (K —| FhePifiAdinear Modes for Glassification |\ o mamning less 4



U 1.7 The Percep‘tron al%orll:hm ( linear disom novit  modkl)
Two — class  clossiFieation

), 4 ‘mPu‘b vector

B its  Sesture vechr  Sor o~ Fixed nonlinear Sunction  §C),

Linear mode] of +the Sorm

YE) = ‘S‘CW/TQC#)) porameter  vedo W

where the nonlinear activation  function £C) e %‘we.n by

. step  Sunction  oF the Sorwm

Chapter 4 Linear Models for Classification
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o 2.0 o—

o2 1

o< O —90

Here LK) nclude & bias  omporent  Fory =1

How to Jetermine w
How to define error §function 0’5_ Wy ?

MisclossiFicedion  ratbe ? ¢
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Perceﬁc\rot\ criteron
Tdea: §  Ha s i doss C  then w o) > o

4 " Cy then W ') <L O

Using £ €6 4 -1, 1] toaret coding, we ore c¢eekig w ¢t

W' B LR bn > O

The  perceptron  crterion s given by

Eplw) i= - S w' D)ty ChS L)
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where M  denstes the s&&@ of ol misclasified pettens
So +the totel emor Sunchion s plecewie lwnear  for  w
If % & ocorredly classifiet then  the contribution 4o the
efror &  2Wro.

Thee  cbochostic grdient descent  algorithm to  this  ervor

CTHl) (o) e

)
= W - N VE W) = W+ N Ut

where 1) g the leorning rode  poowveter, (pat N =)
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1fF  te FotHBm s corvectly classified Hen W remadns  unchanged

In case it ‘ts \ ncavec‘b\)r clossis = ,

we ol Plxk) onbe the cwneit  estimde o w

whilk $or C, we  aubbroct ¢Ckn) From wr

4

° - o ° ¢ °
(] ® L] [}
o \® o \® o
05¢F 057 1 057
g €)
0 0r 0
° Q) °
wy
-0.5 - -0.5 ° -0.5
L ° °
' : ] -1 ' . ' -1 : : : -1 : : :

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 =] -05 0 0.5 1 -1 ~0.5 0 0.5 1

Figure 4.7 lllustration of the convergence of the perceptron learning algorithm, showing data points from two
classes (red and blue) in a two-dimensional feature space (¢1, ¢2). The top left plot shows the initial parameter
vector w shown as a black arrow together with the corresponding decision boundary (black line), in which the
arrow points towards the decision region which classified as belonging to the red class. The data point circled
in green is misclassified and so its feature vector is added to the current weight vector, giving the new decision
boundary shown in the top right plot. The bottom left plot shows the next misclassified point to be considered,
indicated by the green circle, and its feature vector is again added to the weight vector giving the decision
boundary shown in the bottom right plot for which all data points are correctly classified.
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Remork
— In view oF  4SH) ad C¥SS),  the contribution +to  the

error  from o misclassfied  pottern wi I be reduced

cTH)T Co)T T
— W/ Pr)th= - W P £y — C BUK) 1) P ) 4

Suingle

component  of Ep
where  we howe et n=1 od  used I\ D) £, N > 0
— This  does net He contribution to the ewor Sunction

Stom  all  wmisclasified  pattemg ¢ other )
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— The change 1n W may hawe comsed Some  previously
c.o\‘re,c‘bly clossSied  pottems  to beome misclassiFied

— In  cose thot the 'bﬂ?:(mv\g, doba. set s “nearl)r ce{:mradole,

Pevtep't\'on lemm'm%. a\g-ori-lskm s g,uauwen‘lzee&\ +to SFind o

exact  solution n a  Finite number of  sbeps
(by percepbron  conversence  theorem)
- Perceptron doex  nst  provide  probabilistic  oubpub
— Cn st peevalize K > 2 clases

— based on lmear (ombinabiens o  fixed  bosts  Sunchions
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L \neour

mokk Sor  classiF cobion

Discrimnont  Sunction

~ lesst squaved

—  Fishker

—  Perception

Proboblistic
- genrdie

—  Jdisriminective

YR = W' ¥
YUK = W' %

Yer) = & Cwtgum)

mo<els

PCClA)

Chapter 4 Linear Models for Classification
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P
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I 2 Probobilistc GCenertie  model
Discriminabive  and  generadive  approaches 1o classificotion,

Consier the cose oF  two  clages.

PC% | C) PCSY)

Gl k) =
PLC1 %) PCLXRIC) PCC) + pPLx [ () PCC,)
CESN)
(
= =: 6-C0)
\t SXpC~
pL=a) oqistic  Sigmoid
where we have  defined
o = 9-'\ PCX‘C\) PCCI) L U»,S‘R)

Chapter 4 Pifeak Motiel3 fc? Cldssilication
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Remark of  sigmetd

—  Bounded Sunction

— Symme;l;v\/ meeﬁ:y 6 C-a) = | —o6Co)

— The inverse o5 the [ogigtic Sigmorg

o= Qa (%)

Chapter 4 Linear Models for Classification

c %l\/e.n by

\ogib Sunction

51



K > 2 cloussesf

PC Celry = PCKICE) PCC) _ exp C2®)

2, PLXIC;) pCG) S, exp (&)

soytmax  funchion

wWhich (s known os the normalized  exponertial C mubrclass

gerennlizodion oF the  logistic sigmod . Here Qg are  defined

by dg 1= La L PLX|CR) PCCR))
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4. 2. Go:\‘l:inuous inPU'L'S

W e IRD contmuous  vector PCY | Ce)

Assume. the cdas = conditional Fnsities are  Graussian

M closses share the same covaronee  motbnix (

Le.

\ l
(w7 Vs

PC.* | Ce) =

Here X & in:\e,?enc)ent of class  Cg.

Chapter 4 Linear Models for Classification

and

only d(‘f’fSrel\t

meaon vecte:\*

exp] -3 k-Me) I C# ]

)
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Considr the cose of +two clases, From CEEN) o CES5E)

x— Aotk
PCCIK) = (W' + W)

= s ) CRIC) pC
o= dn P JP C‘),
PCx\ &) pee,)

where we have defined

Wiz T (M - ML)

+ An PCS)
PCC,)

T <\ \ T -\
Wp ‘= "%/Ml S Mt M2 Ma

Peaouse ofF the assuwm ption of common covaronce motrces, it

becow\es o l[ineowr S'w\ ction o"‘ b, 4 n 'Hle argu Men‘t Uf_ H«e

\ y ' hapter 4 Linear Models for Classification
\OQ-\St‘(C_ S(%_MO\Q. Chapter 4 Linear Models for Classificati



Thus,
Sunction
The

Wo .

asion  bound Ry
o %

Pﬁor' p CCe)

C % st pPC&%Ip)=cC)

ester on ly 'H\?‘O"g.k the

Chapter 4 Linear Models for Classification

S

btas

o
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Famm@ e
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Yor the cpneral cose of K > 2 closses under the  assumption

shared covorone  mabtx  of PC%\Ce)

OB 1= WL % + Wio

exp Cle)
.20 exp Ca;)

PLCel®) =

where we  have  Jefined
O = Ia(P LH1CK) PCCi))

W/K = S-‘ CMK)

Wgp \= ~ lz,/u‘;r z_‘ /A\K + Ln PCCe)

Aek) s oagain  linear  function oF %
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I§f each dloss — conditional density PCX\Ce) Mg s own
Covorone  mobnx 2 . then  the  concelloions  oF quodnotic

form oF % wll no longrr occur,

So we obtain quadratic  functlons  oF ¥ giving rise

TO CA C\UW‘G-'HC éls Cre my nownt .

25— : - - : 25
2} 2
15| e g 1.5
it () ) I
05} St S 0.5
of 0

—05t 0.5
@Y

—15t i
2t 2

B S 0 1 > B3 -1 0 1 2

Figure 4.11 The left-hand plot shows the class-conditional densities for three classes each having a Gaussian
distribution, coloured red, green, and blue, in which the red and green classes have the same covariance matrix.
The right-hand plot shows the corresponding posterior probabilities, in which the RGB colour vector represents
the posterior probabilities for the respective three classes. The decision boundaries are also shown. Notice that
the boundary between the red and green classes, which have the same covariance matrix, is linear, whereas

hose N CHAPLEY A LINEST MIEEIS for Classification



£, 2 Ma mum

likelihood  golution

Two daa:es CIossi 5 icaﬁ on

D
%‘ SQt '(xlﬂ; tﬂt . n=\... N %ne|R ’

tn= | dendtes

Gl'NA%'( on class

class ¢, o t =0

conditional der\s'dy with o

Chapter 4 Linear Models for Classification

denotes

showed

-bﬂ = l or D

class Cz,

) .
covorgnte Mo x
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Denste  the  prior closs Fmbala’cl‘«t7 PCC) =& | so bt  pCG)
= -
Mn Srom clags G, £n =l hence

PCL#Ha, C) = PCQ) PL&ICG) = R UL Knl M, )

|

Stmilarly  Sor cdoss G, ta=o© Shared covariance

\

F(Jf‘n, CG) = PCG) F(-#A\C).)z C\-Z) N ( %n \/‘“1,1)
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Thus  the  likelihood  function s gien by

N -
P, Kix, i, M, 3)=T [rRN c.m,u\.,S)Jt" [ G-R)AN ('7&‘/":_'5)_]' -

n={

:
where 4= Chi,. ), X=(a, 7, . &)

As usual, we woxmze the log o the likelihood Function,

Consider  Firet x. The (og_ likelihood functlon oF & s

N
D { tana £ Cl=bn) fn (1 =R)]

n=at
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Sebting. the deiwdive wnt = equal to O, So we obtwin

m-‘I/‘Z/-bn"‘N‘- il C ¢ty

Y

where Mo Cresp. A) s ¥ of ponts in C, Cresp. Cy)

Thus MLE $or R s cimFly the Sraction of- Po{n'lﬁs

‘\ﬂ C(
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Now  consider the wmoximizodion w.nt  m

The terms oF loglikehhood Sunction  depending. on M,

N A i
S b0 N ChI M, T) = =5 2 ta Ch-pM)T I Ch-M,) + constart

N=l n=t

Qe{:'t"m%_ e &vaﬁ\e w. rt /A\‘ +o O , we o ptoin

which © Siw\?\y He mean of veckors %, ossigned = C)
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Similarly, we  con obtrin the result Sor M,  as

N

M, = i 3 Cl—tn) A&,

n=A

which auaafm (s the mean of vectors b, & O\.GSi%.nesl to G5
Finally, consider the MLE oolution Sor 3. Pick out +the

terms  in the  loge  lkelihood — Funchion tlefenc\‘wq. on 2 we lawe

| — AL T
—3 5 B A T - 2 e G M) T e = 0
n= n={
N ( N T ~\
—a X U=-t) WX —3 'Z‘ (\ = tm) Coa=pMy) T (i — M, )
n=4 n=
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= X gaizl - £ { s

where we  have defined

S = S, + s,

.
S, = %—‘ Z U =MD Lo =)

"N S Uk — M (K — )

nec,

>2

(\

Using, the stondord result $or  MLE  colubion
4‘(5 _b_i b(&\'flOf\ ) we. SeeChap.EwIaﬁnear Mofsf:g[%ssification

Lor

o Croussion
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3.3 Disscrete  Seatures

Consider He ccose o disarebe Sfeobuwre volue L

For simplicity , assume X3 € 10,17  and D -diw wechr X%
%= Chi, K, XY

Here we will make the nawve DBoyes ossumption (the Seature
values are  treated as  independent | conditioned on  Cy)

Le. PLXX|Ce) = PAXIC) P L] Ce)

Thus class - wndit?ona\ d};-l:r'( butions oare %iven l’)’

D
PLk 1C)= 11 PGlce) = 'ﬂ' /Ak,‘ U—/u,,) s CeR))
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which  contin D independent porawmeters  Sor each class,
1=

PCX 1 G = Me L 1= M)

Lte oL}

Met G e Y3t = | o) %3

Substihuting.  inte Ch6l) (%= In( PLRicy) Pece) )

P
= 2 4N Mz T XD 01— M)t + L2n PLCe)

A=t

which ore linear linear funcbions ofF x5
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I3  Probabilistic Discrimi notive Models

Firdinge the pometers of o geemlized linear mokl

Crerendive mokl ve  dischiminative model

Cindirect) Cdirech)
Crenerotve mokl @ Fitting  doss  conditional  densities  pax | Q)
ond  closs  priors  separotely and Ehen  opplying Boye's Theorem
Dscriminative mode| i Moximizing. o likelihood Sunction Fined through
the condtional distribution  p CCe Ll %)

Remarks o) o approaches
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l'f’. 3. Fixed boss &mdﬁons

By :  Vedor of btk Gunctions 3 %, . Bl Han=l
We wmake o Fixed nonlinear boncformotion of the inputs.

The resulti na. &ec,'( son boumlaw'\es wi “ be

non l\neor in the

onginal npt K spoce Clneor  in the Sedbwre spase)

We  shall nclude a  Fixed basis  function tronsformotion qlc*),
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For many  problems  in  the vrea| worl, there & a  signficait

overlap betueen the class — conditional  densihies Pk iCe)

POkl Q) Pkl C)

X C.in‘:url: spoLe )
Note Hot nonlinear  transSormation commst remove  such  clogs

overlap. ... bs  bangfomotion w@n moke it posible to

seporcde  powts  thab  ore not  linearly seporvble,

Sutboble choices oF  nonlinearity con moke  He . T

process  of wmodelling. Lhe posterior probabilities

Chapter 4 Linear Models for Classification 69
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3.2  Lleogstic regresion

Two = cdagg  classifi codion

In  section 2 CHESN), we ocaw that umer rodler R ra |
assumptions | the postertor Proba\b" lity o class ¢ @n be written

o PCG LE) = YCB) = oCw' B)

with PCGLIE) = |- pcalE). Here o) s the logistic

sigmoid  Function ond B s the Seatmre vector ie. §=00)
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Yor M-Jdm fectwe space, ths wmokl has M odjusicble
l'mw|7
parometers Cw),

By controst , Gousion clos comitional densiies mode| using
mosimum | (kelihood method needs 2M Parbsw\e'lzrs o mean
Vectors and MUM A1) /5 porometers  §or  shared  covariance

mMotric. Together with  closs  prior  this  gives o otwl

o5 MM+ 6)/5 + | porometers
quodm‘ﬁc,o.ﬂy
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W/

Detrrmine the parmmeters o e logiste  regression  model
Uce MOX| MUmM likelihoed  method.

For o dodoo set {1 @a.bn] where ta€ 40, 1{ and ¢ =% w,)

with nN=(, 2 N, the likelihood S$unction con be wrikten

r ® oo

N = tn
P(:H:lW/): T[ Yo ‘Sl"\/n'( 4t =0 or |

n=|
where 4= Cbi,ba, o by) oW Ya= PCGLIB) = 5w D)

o |~ ta >\ tn 20
PCtalw) = Yo CI=Ya) th= 0 or |l its predidion Y, or 1Y,

/
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Negotie  logarithm oF the  likelthood  which gives the  cross -

ewbroi)y error  function n the Sorwm

N
E(,W[) = -LAP(.‘&\\W) = - 2 "":ﬂﬂl\y'\ + Cl—=+n) Q—nC‘—Yn)r

n=1\

where Yo = S COn) , Q= wy ¥ @“ wtbh Qn = ?%).

The qrodient ofF the ermor function wrt W | giwen by

basis vector

N
Vo EQW) = 3 Ul — %) 3, Ceal)
nN=t ~— -
error
Jo _
We lowe wseq Ja = “Ci=-9o)

Chapter 4 Linear Models for Classification
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From

Lal) |

weght  vechor

th
n

‘tem \ n

we an use o  sequential
W updbed  in which
Ceal),

Chapter 4 Linear Models for Classification

algorithm_

VE.

The

the
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$.3.2 Tteroted rewewghted least squoares

In the ocose of +the linear regression mokl , MLE
solution , on the oussumPt‘«on of o  Gowssian noise model| ,
leods to a closed — Sorm solution.

For  logstc regresion , thee s no  longer a  cesed — form
solution.  However the error function Eow) ts convex . Hence

there = o unique  minimum
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The evor Suncdion  con be minimized by oan (terodive -l;echn;que
bosed on Hhe  MNewbon — Raphson iterotie opﬁm'( 2wtlon scheme.

( Fletcher A&y | Pishop oamd  AMabney 2008 )

(new o) -
W/ "= w - H V EWw)

where H © +he Heston wmabnx VVEW) wrt w

Cirst, oapply MNewton — Raphson o the  linear  regresion

moe| _ ad T _ &T T
VWIE('\W)" 2w P, -t §, = @é\”/"@‘ﬂ-
N

H = 7 Ehaptgry Linear @gls@ CIassificaQoﬂ,N\o,P Gf' w ) 76



where 2 & e AxM design  mothix whese pth o

.(S g:\ ven \o y @;r ) So

) cold)
W/mew = w%ok\) — H VEw g
14 T T
— wc.o &Té) { Q QW/U)H)— @ _&t

= (@T@)" 37 &

¢« the stondod least — SGuares  solution. Swmee the SSE s

the quiratic Sorm o W, Newlon — Raphson formula.  guves
the erack solution  1n  one ctep
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Seconsl’

moe]

where

Heve

S

not

opply  Newton - Ra.Flr\S‘OI\ o the loca,'(:ti c Pe%reﬁs‘:on

with Cross - erfl:lr'ofy ermor  Sunction

p—

N -
V, Ew) = = Wa-tn) 3, = P ¢y -+

nsy

N
JOEm) = 2 Y%Cl-Y0 8.3 = 'R $

n=\

L
[

R the N <N dlwg.onrx\ matnx with elements

= 1 = Y o
Rnf\ Yn(, \l) ),’\‘:_PC\VY @n')

H s not  indepemient g W. S the emor Sunction
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S Ef\ ce Yn

So Hes an
Sunction €

W/

cCw' §usm))

ol Yn <| o ' H U > o Sor VulelliM

Mo H s positive  defincte, Hence +the ermr

)

s« o convex Function f& W and Il Minimum

anew)

W _ (TR EY BT oy -4y
( Q"\'Ré)"\ ﬂ Q‘\'Ri W/(.ok\) _ QT (»'__-u_)?

1

(3R3) &' R 2 L49a)
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where

7
Real

(t.99)

we ighted

4

the

\

S

s

the A — dimensional vechor with

¥ & W/c.okl) B R-\ LY — 1)

[east - squared
MLE solution For Wy oF

the

Wy = (. @TQ)’ @T "

Sorm & o set oF

least - squares  problem.

the linear regresion

normal  equations
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Vi

for a
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The weighting ~ madrix R & not conctant
on Wy .

So we must  apply  the  nermal equadions
For thie reacon ) the odg.or'({;h - s known
terotive  rewighted  least squares.

Chapter 4 Linear Models for Classification

bu'b' defefdc
(teratively
oS LRLS

81



&4 3. L Mult class logistic regmcs'uon

In  section f.2, we discussed the qenercthive mokls  Sor

multicoss  cossificotion.  The posterior  probabilities  ore given by

o sofStmox  truncSormotion & linear  Sunchions & fexture

vou{ables

exp C )
Ce|B) = (d) = —
PCClel @) Ye 3. exp ag)

where, the acbivotions O are ¢giwen by

A = W, & P =(0Ww,. P )
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There we  used MLE o  determine  sepowodely the  Grausian
class — conditional densities ond the class  prors omd  then
Sound the  correspending  pesterior  probabilities ,  thereby
‘(mpl‘(ci'lzly ®iermining.  He  porameters { Wef

Heve we consir the Use ofF mosmum  likeliheadd  to

debermine the  paroemeters {wie | oF  Bis  model  Jicedtls
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En - one  hot vecker ®, . Seabwe vechkr

r

The |

o=

kelithad  function i« given by

Nk \ Nk
PCT lwie we) = T T PCCIBY™ = T T Yo

Nl k=) = k=)

where Yoe ‘= YeC 8n)  and T & an ANxk mdrx of

torge: voriables with  elements Enge

d K te
PLt (W, . we) = T pCGlf ) = ene het vestor

p A

o| ueght vedo- €3 ML dorgb B O WR U

For' some  +ixes n, ﬁméptw‘ginear I\)\ode/ls for Clislilfiyq{ien = 4 84



Taking the negatie logarithm dhen gives

vooK
EC\M‘,,. W) = —,Q—nPCT|W(~-- W/F): -2 2 'anQI\YnK

Nl  eal

which & knrown as  the cos —enbropy error Sunction  Sor
the  multiclass  closifiantion  problem

Note +tht +the denwdives oF Ye w.ht all A

J L]

D Ye

g o _exPC)
=7 3, ey )

where 1y are  bhe  eements o Wty matrix

Chapter 4 Linear Models for Classification 85



We now ke He grosient & the error Sunction w.rt

one o the parometer  vectors Wy,

J e

N bosis  Sunchion
Vwy, ECWi.. W) = 20 Cing = i) €4 C Y& (0Q)

Ny
prediction

error

where we have, usex zr; The =1 .

Nebe  Hhat we cee dthe same forwm  anising  for  the
grodent as wos  Sound  Sor  SSE with  linear regression

ad  the cres — entropy eror  Sor  bhe  logistic  regression
mode]

Chapter 4 Linear Models for Classification
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So we n use s  to  formulate o sequential  algoridthm,

In dhs cose each o +he weght  vecbors s updobey

'

¢ cetl) cT)
USing, W o= W — NVE, €3.22)

Now +o 5 & batch olgorithm, we apfea..l +to the

Newton — Rophson  updote 4o  obtmin  the corresponding. LRLS
ME X MK

olgorithm. The  Hessun mobnx  that  comprises  blecks of  size

MXM  in which blck 4 k s given by

N
T
Vw/J VW/\: E Cw,.. W/k) — Z_ \/"CC'IK': - Y'\J) Q’\ ir't

=\
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This  Hessian
s positive

o  un( que

mokrx  Jfor the multiclos

definite om So the | error

minimum,

Chapter 4 Linear Models for Classification

legistic  regression

function

a&@akn

mod]
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4.3 Probit  regression
Consider the two - closse  classificoctkon am  the  Sromework  of

generodi 2ed linear wmo<kls So +that

PLE=l ) = Fcoo

where a= W'@ od  FC) the activabion  Function

ConsiRr A OISV thibeshold  mode. — For each  input

§ = Tl), we ewlwte on= WP, oW then set

the bt  wolue  according o
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tn = | o Oon 2 6O

Hn =O otherwise

T the wilue & ~ PO, then the

Sunction § wil  be given by

o,
Sy =) pwyde

-0

Figure 4.13 Schematic example of a probability density p(0)

Rvotion

cotresponding-  ad

shown by the blue curve, given in this example by a mixture L

of two Gaussians, along with its cumulative distribution function
f(a), shown by the red curve. Note that the value of the blue 0.3
curve at any point, such as that indicated by the vertical green
line, corresponds to the slope of the red curve at the same point. ¢ |
Conversely, the value of the red curve at this point corresponds
to the area under the blue curve indicated by the shaded green
region. In the stochastic threshold model, the class label takes 0.4 |
the value ¢t = 1 if the value of « = w' ¢ exceeds a threshold, oth-
erwise it takes the value ¢ = 0. This is equivalent to an activation 2t
function given by the cumulative distribution function f(a).

O 1
Chapter 4 Linear Models for Cla8sification
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As a  gpeaTic  exawmple PLOY = &g B

S0
= oy = | § o~z @ otherw se foy= 0

In alition |

PWI= ACO| o,1> the corresponding  camulotive

Jistribution  fuaction S guven b y
a

D Ly = 5 N (8]0, 1) 48

- 00

which s known as the inverse probit  Junction
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Remark

It hos  sigmodal chape
The wse ofF o general  Croussion Joes
erf  Sunchlon

ers o) = é f exp(—-60") 46

Figure 4.9 Plot of the logistic sigmoid function

n6t change the wmolkl

o(a) defined by (4.59), shown in
red, together with the scaled pro-
bit function ®(\a), for \* = 7/8,
shown in dashed blue, where ®(a)
is defined by (4.114). The scal-
ing factor 7 /8 is chosen so that the
derivatives of the two curves are
equal for a = 0.

0.5

0
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e&§ Sunction s releted o fhe  inverse  probit  Suncbion by

The  generalized liner wmol bossd on an inwerse  probit

octivation Sunction ¢ knewn a5 probit  regression

Remark

— The probit model is  gignficontly wmore  ®nsitive to  adtliers
~  Sigmoiy exXp - L) Vs inverse  probit exp C~%)

0SS X —H T o0,
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% The Llaplase  Approd motion

Th sedion 4S5 we will Jscus the  Bayeson trestwment of
logistic  vegression. We comct  integrode  exodtly  ower b
prometer  vectr W sinee  bthe  posterior  digtribution  is  no
longer  Groussian.  So & i necessary  to  introduce come

form oY App rox{ maction,

Neow we. inbodace the Loplace o-pproximaction , thot  cums
S\ Gousion approximation  to  unknown  prob.  Sensity

deSined over o seb of  continuous  varobles.

Chapter 4 Linear Models for Classification 94



2: Single continuous  varioble

&APPOSQ the
where z S
unknown

In the laplace

Jisbrbution PC) s Jefned By

|
L= 2 S

o normalizotion constornt oy oscumed  to  be

method, the goal & +bo £ind

approcimotion Q) which s centered on a

Chapter 4 Linear Models for Classification

. CGaussian

mode &  PCR)
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First 5id o

/\

Note ot the

quadroctic

Lh §<)

Sorm
centered

mole  pLR), e st $y
o) -
=%
logorithm oy Crousion dstribution

s  vanobles.

on he

T‘I‘m o~ To.y lor‘

mode 2o (S given

2SR ~ i) - + A -3

B =

TS

4 Lo § )
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Toking +the  exponentiel we  obboun

A
S 2~ 5w exp{— :C%‘&)lr

We con then obtin oo normalized  dictrbution 4c2)  so  thet

g = (L) e |- ca-ud

Nobe thot  H  wil only be well defined 5 ibs  precision

A>2o ( mustE be loal mMoaximum  or f"ca) <0 )
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i M- dm ve dmor

Exterd  the loplae wmebhed  to  approximate PW¥Y = SW/z

A o shlionary pont I, , T§R)  will  vanish.  Bxponding

oroun this ;bxhov\ary Fo'M'E 2o we hove

Lo $W) = LFW) — L~ A (¥- %)

where Mx M Hesstan wmabrix A s Jdefined by

A= -V S,
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Toking  exponential  we  obteuin

Sca = §eE,) exp{ -3 (- ALT-R)|

Thus

)
LAL®

Qe = My

C2%)

exp{ -3 (-3 ACT-2)[ = AL %, A

wiere 1Al denotes  the determinont S AL

As before  thes

positive  dfinite .

Graussion Wil ke well Jefined g A s

Chapter 4 Linear Models for Classification
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Remvark

——

Need o Sind XA MR Fo an evaluode

In  proctice ,

O~ Mol will  be Souny \)7 Nm‘tn%_

form  &F numer cal OP‘l:‘( M 20Eion ou\caor‘d:hm

Limtobions &%

/o rma | 20ttion

mulimoda| cose

constont Z Joes not
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need +o

Some

be

kEnown
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AS well oS aPPrOx‘(wl&‘mg. the JistRbuton PC%*) . W con

obtoun  an  approximotion B R

2 = (Scoydy =~ o 5 exp{ -1 Cr-2) ACL¥-A} I3
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4.$  PBoyesion Logistic Pe%ressio n
The evaluodion o +the posterior distbubtion ever W would
V‘equre normalizetion of +the P\roduc't o) o~ Prioh Jistribution

and o likelihod  Sunction. Note Het  the  Jikelihod  Furction
omprises oo product o  logistic  sigmod  ( by our asuwption)
e, PUIw) = T ¥ U-v) " Y=o (w' )

Bwlwdion oF 4the predictive distribution is  similardy intmctable.
Here we consier  the application of the Laplace  apprximation

toe +the problem oF  Poyestan | logistic  regresion
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4c.l | oplace opproxi mation
We.  need the evaluation ofF ‘the cecond dewtives & the
log-  postenier C finding. the  Hesian modnx )

Beasuse. wWe, seek o Goussion representztion ( app rax{ motion )

for  Hee Posbeﬁor\ distribubion we inbreduee o Growssion prior

PCW) - NCWl Mlo,So)

where M, S, are  Sixed  hyperparameters
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The Fos'bar'(ok Jestribution Ner W (s @iven b)r
prior li kel hood

Plwit) o C pw) p ¥l w)
Growssion prodet  oF Siggmod
where B iz b, ta).  Taking bthe log. o  both  sides.

Lo PCW 4 = —Lcw—myT S Cw - my)
N
+ 2 dtnlaYy + L=tn) WaC1—Ya) | + constont

n=A

Whem Yo = €CWT én)
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To  obtaln o Cowusion  approximation  to  Lhe Posteﬁ or
distrbution, we Figt moximize the  postrrior distibution
to gie the MAP Cwosdmum oo postenior)  solulion  W,p
efining.  the  mean Cmode) oF Crowssion, the covarance ¢

then q@ven by
| =\ N T
SN = - V7 Ln Pc\wl&) = So + Z InCl—Yn) inﬁﬂ

n=\

The Guussion opproximation to the  posterior Jistrbution

q(,VV/) = N(w W,MAPI' S/v)
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0.s.2 Predictive  Jistribution

There  remoins the take o morginalizing w.nt qowm) 4o

moake  prediction. Lebt 8 = $w) be the Seobwe vector,
The ‘xed'(c,’ti\e distribution 5o C s obtolned b)’ Mowrginoli 2ingy-
wirt  pew ) | which s itsel§ approdmoted by a

Croussion  dsbibution qCw) so  that

PCGLE, &) = S PCSGI &, w) pCw L&) dw :SGLWTQ)QCW/)&W

ie. PCGLE &) = 1= pPLe1d.4)
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Let SC) be +the Direc deltme function. Then we hawe

cwwTd) = § SCa-wig)o o dor

Yrom +£hie
S s wlé)qlw)dw = S S Co) PCoy doc
= §,Co]
where
Grousciown
Pcoy = 5 SCox— wd)qiw) dw new prob.

Jistribution
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The
S P

t“ls'b r bution

orthogonal

Mo = ELOD

P linear

rownt

cong on wy .

Jistrnbution From the

Jownt

quw) by out all  directions

i

¢

bo Tt Sllows Hhod Pl Croussion .

o
——

§ pc ada = SS §Co—~ w'd) qw) dw a da
s>

[

S S Sco—wd) &da,q cwW) dwy

(

§ w'd qewn) dw

=
-—

qw) NCw | W/HAPo SN)

W

L
——

uap &

Chapter 4 Linear Models for Classification 108



S mi \ar|7,

2

6, = VorCol = S P o) {03_ EE&]II Jdo-

= Squn L ew gy - img ) fdw = 3T, $

We howe used qlw) = NCw | Wuap , Su ).

Thus, '|: he. var(oc(:? cnax.\ appro)c; mad:‘con ’b‘b ‘l:ke, F\f‘e Yl‘(d't‘l ve '<| Ic'l:r'i bution

becames Ce (57

PCCIE)T | 6cm perda = [ 6O Nea|Ma, o2 dr
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This  inbegval  ant  be  andlybially. So we  approxieete
oy by BN wibh  suibeble velue N Csey A= V)
The odwurbage o usng an  invere Pro'S'HT Sunction ¢ that
the below  inbepral (comwlubion) con be  expressed  analyticlly

n tewms o©F oncther invere proJit Sunction,

( Bcro Neatpondn = §( U-N )

\
2 + 6‘2)/2'

( Spegelhalter  and  Lauritzen 1990 Mackay (492 b i Barber

ond 9'|9ko‘> - 1498a)
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We apply the oppraximotion ooty = HLr) oM T leeds

= +the | Sollowt noy. O‘FP"’X\‘ motion

) o coy NCo| M, o) dae == o ( K(sHHM)

whevre we  <efined

-
KCe>)= ( \+rRsY/g) *
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AFf\y'mg. thie result +o C‘[f.fgl), we obtin  the qPPrqcim-he,

Pre.dlc.‘kive, Jistribution n Ehe  Sorm

PL&G L &.&) = o (ks ) M)

Chapter 4 Linear Models for Classification 112



